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THE FARRELL-JONES CONJECTURE FOR VIRTUALLY
SOLVABLE GROUPS
CHRISTIAN WEGNER
Abstract. We prove the K- and L-theoretic Farrell-Jones Conjecture (with
coefficients in additive categories) for virtually solvable groups.
1. Introduction
The Farrell-Jones Conjecture for algebraicK-theory predicts the structure of the
algebraicK-groupsKn(RG) for a groupG and a ringR. There is also an L-theoretic
version. The Farrell-Jones Conjecture plays an important role in the classification
and geometry of manifolds. It implies a variety of well-known conjectures, e.g., the
Bass-, Borel-, Kaplansky- and Novikov-Conjecture.
This article is dedicated to the Farrell-Jones Conjecture for virtually solvable
groups. The main result is
Theorem 1.1. Let G be a virtually solvable group. Then G satisfies the K- and
L-theoretic Farrell-Jones Conjecture (with coefficients in additive categories) with
respect to the family of virtually cyclic subgroups.
This result has already been used in several papers, e.g., [GMR13], [KLR14],
[Rue13].
The Farrell-Jones Conjecture for virtually solvable groups has been studied by
several mathematicians. In [FL03] Farrell and Linnell show that if the fibered
isomorphism conjecture is true for all nearly crystallographic groups, then it is true
for all virtually solvable groups. Bartels, Farrell, and Lu¨ck prove that virtually
poly-Z-groups satisfy the Farrell-Jones Conjecture (see [BFL14, Theorem 1.1]). In
[FW14] Farrell and Wu show that solvable Baumslag-Solitar groups satisfy the
Farrell-Jones Conjecture.
In this article we modify the results of [FL03] and show that the Farrell-Jones
Conjecture holds for all virtually solvable groups if the semi-direct products Gw :=
Z[w,w−1]⋊·w Z with w a non-zero algebraic number satisfy the Farrell-Jones Con-
jecture with finite wreath product (see section 3 and, in particular, Proposition 3.3).
This is mainly done by using inheritance properties, in particular for extensions (see
Propositions 2.17 and 2.22).
Note that Gw is isomorphic to the Baumslag-Solitar group BS(1, w) if w is a
natural number. Unfortunately, the methods in [FW14] do not directly carry over
to the general case w a non-zero algebraic number, even not to the case w a rational
number. The main idea to overcome this problem is to combine two methods of
proof for the Farrell-Jones Conjecture:
(1) The Farrell-Hsiang method. This is the method used in the proofs for
virtually poly-Z-groups and solvable Baumslag-Solitar groups.
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(2) Transfer reducibility. This method using the geodesic flow was pioneered
by Farrell-Jones and later extended to hyperbolic groups (see [BLR08b])
and CAT(0)-groups (see [BL12a], [Weg12]).
We call groups which satisfy the combined method Farrell-Hsiang-Jones groups
(”FHJ groups” for short, see Definition 4.1). We prove that the Farrell-Jones
Conjecture holds for FHJ groups (see Proposition 4.4 and Corollary 4.6). Finally,
we show for all non-zero algebraic numbers w that the group Gw is a FHJ group
(see Proposition 5.33). The proof requires a variety of techniques, for example,
geodesic flows on CAT(0)-spaces, group actions on trees, classical algebraic number
theory.
This article is organized as follows. We begin with a brief survey of the Farrell-
Jones Conjecture (see section 2). In section 3 we show that the Farrell-Jones Con-
jecture holds for all virtually solvable groups if the semi-direct products Gw :=
Z[w,w−1]⋊·w Z with w a non-zero algebraic number satisfy the Farrell-Jones Con-
jecture with finite wreath product. The section 4 is dedicated to FHJ groups. We
finally prove the Farrell-Jones Conjecture with finite wreath product for the groups
Gw in section 5.
2. The Farrell-Jones Conjecture
This section contains a brief survey of the Farrell-Jones Conjecture. The origi-
nal conjecture was stated in [FJ93, section 1.6]. Our formulations differ from the
original ones and are more general.
Let G be a group and let F be a family of subgroups (i.e., a set of subgroups
which is closed under conjugation and taking subgroups). The original conjecture
uses the family of virtually cyclic subgroups.
Definition 2.1 (K-theoretic Farrell-Jones Conjecture). We say that G satisfies the
K-theoretic Farrell-Jones Conjecture with respect to the family F if the assembly
map
(2.1) HGm(EFG;KA)→ H
G
m(pt;KA)
∼= Km(
∫
G
A)
induced by the projection EFG → pt is an isomorphism for all m ∈ Z and every
additive G-category A.
Here EFG denotes the classifying space of the group G with respect to the
family F . Any additive G-category A induces a covariant functor KA from the
orbit category of G to the category of spectra with (strict) maps of spectra as
morphisms (see [BR07, Definition 3.1]). We denote the associated G-homology
theory by HG∗ (−;KA) (see [DL98, sections 4 and 7]).
There is also an L-theoretic version of the Farrell-Jones Conjecture.
Definition 2.2 (L-theoretic Farrell-Jones Conjecture). We say that G satisfies the
L-theoretic Farrell-Jones Conjecture with respect to the family F if the assembly
map
(2.2) HGm(EFG;L
〈−∞〉
A )→ H
G
m(pt;L
〈−∞〉
A )
∼= L〈−∞〉m (
∫
G
A)
induced by the projection EFG → pt is an isomorphism for all m ∈ Z and every
additive G-category A with involution.
We will use the following abbreviation.
Notation 2.3 (FJC). A group G satisfies FJC with respect to F if the K- and
L-theoretic Farrell-Jones Conjecture with respect to F hold for G. If the family F
is not mentioned, it is by default the family of virtually cyclic subgroups.
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In the following subsections we will present two well-known methods to prove
the Farrell-Jones Conjecture for specific groups: The Farrell-Hsiang method and
transfer reducibility. We will end this section with a survey of the Farrell-Jones
Conjecture with finite wreath products. For more information on the Farrell-Jones
Conjecture we refer to the survey article [LR05].
2.1. The Farrell-Hsiang method. Recall that a (finite) group H is said to be
hyper-elementary if it can be written as an extension 1→ C → H → P → 1, where
C is a cyclic group and P is a p-group for some prime number p which does not
divide the order of C.
Definition 2.4 (Farrell-Hsiang group). Let G be a finitely generated group and
let F be a family of subgroups. We call G a Farrell-Hsiang group with respect to
the family F if the following holds for a (and hence any) fixed word metric dG:
There exists a natural number N and surjective homomorphisms αn : G → Fn
(n ∈ N) onto finite groups Fn such that the following condition is satisfied. For any
hyper-elementary subgroup H of Fn there exist a simplicial complex EH of dimen-
sion at most N with a cell preserving simplicial α−1n (H)-action whose stabilizers
belong to F and an α−1n (H)-equivariant map fH : G→ EH such that dG(g, h) < n
implies d1EH (fH(g), fH(h)) < 1/n for all g, h ∈ G. (Here d
1
EH
denotes the l1-metric
on EH .)
Remark 2.5. Suppose that F is closed under overgroups of finite index, i.e., H <
K < G with H ∈ F and [K : H ] < ∞ implies K ∈ F . Then we can drop
the requirement ”cell preserving” for the simplicial α−1n (H)-action in the definition
above, since we can achieve a cell preserving action by passing to the barycentric
subdivision of EH (compare [BLRR14, Lemma 5.5]).
The following result is taken from [BL12c, Theorem 1.2].
Proposition 2.6. Let G be a Farrell-Hsiang group with respect to a family F of
subgroups. Then G satisfies FJC with respect to F .
2.2. Transfer reducibility. In this subsection we consider a further method for
proving the Farrell-Jones Conjecture: Transfer reducibility. The definition of trans-
fer reducibility needs some preparation.
Definition 2.7 (strong homotopy action). A strong homotopy action of a group
G on a topological space X is a continuous map
Ψ:
∞∐
j=0
(
(G× [0, 1])j ×G×X
)
→ X
with the following properties:
(1) Ψ(. . . , gl, 0, gl−1, . . .) = Ψ(. . . , gl,Ψ(gl−1, . . .))
(2) Ψ(. . . , gl, 1, gl−1, . . .) = Ψ(. . . , gl · gl−1, . . .)
(3) Ψ(e, tj, gj−1, . . .) = Ψ(gj−1, . . .)
(4) Ψ(. . . , tl, e, tl−1, . . .) = Ψ(. . . , tl · tl−1, . . .)
(5) Ψ(. . . , t1, e, x) = Ψ(. . . , x)
(6) Ψ(e, x) = x
Examples 2.8. (1) Every action of a group G on a topological space X induces
a strong homotopy action by
Ψ(gj, tj , gj−1, tj−1, . . . , g1, t1, g0, x) := gjgj−1 · · · g1g0x.
(2) More generally, strong homotopy actions appear in the following situation:
Let Y be a G-space and let H : Y × [0, 1]→ Y be a deformation retraction
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onto a subspace X ⊆ Y (i.e., H0(Y ) = X , H0|X = idX and H1 = idY ) such
that Ht ◦Ht′ = Ht·t′ for all t, t′ ∈ [0, 1]. In this situation we define
Ω:
∞∐
j=0
(
(G× [0, 1])j ×G×X
)
→ Y
inductively by Ω(g0, x) := g0x and Ω(gj, tj , gj−1, . . . ) := gjHtj (Ω(gj−1, . . .))
for j ≥ 1. Then Ψ := H0 ◦ Ω is a strong homotopy action.
Definition 2.9 (metric dΨ,S,k,Λ). Let Ψ be a strong homotopyG-action on a metric
space (X, dX). Let S ⊆ G be a finite symmetric subset which contains the trivial
element e ∈ G. Let k be a natural number.
(1) For g ∈ G we define Fg(Ψ, S, k) ⊂ map(X,X) by
Fg(Ψ, S, k) :=
{
Ψ(gk, tk, . . . , g0, ?): X → X
∣∣ gi ∈ S, ti ∈ [0, 1], gk · . . . · g0 = g}.
(2) For (g, x) ∈ G×X we define S1Ψ,S,k(g, x) ⊂ G×X as the subset consisting
of all (h, y) ∈ G × X with the following property: There are a, b ∈ S,
f ∈ Fa(Ψ, S, k) and f˜ ∈ Fb(Ψ, S, k) such that f(x) = f˜(y) and h = ga−1b.
For n ∈ N≥2 we set
SnΨ,S,k(g, x) :=
{
S1Ψ,S,k(h, y)
∣∣ (h, y) ∈ Sn−1Ψ,S,k(g, x)}.
(3) For Λ ∈ R>0 we define the quasi-metric dΨ,S,k,Λ on G ×X as the largest
quasi-metric on G×X satisfying
• dΨ,S,k,Λ
(
(g, x), (g, y)
)
≤ Λ · dX(x, y) for all g ∈ G, x, y ∈ X and
• dΨ,S,k,Λ
(
(g, x), (h, y)
)
≤ 1 for all (h, y) ∈ S1Ψ,S,k(g, x).
We remind the reader that the difference between a metric and a quasi-metric
is that in the latter case the distance ∞ is allowed. Note that the quasi-metric
dΨ,S,k,Λ is G-invariant with respect to the G-action g(h, x) := (gh, x) on G × X .
See [BL12a, Definition 3.4] for a construction of the quasi-metric dΨ,S,k,Λ. The
following lemma is taken from [BL12a, Lemma 3.5].
Lemma 2.10. (1) The subset S generates G if and only if dΨ,S,k,Λ is a metric.
(2) Let (g, x), (h, y) ∈ G×X and n ∈ N. Then (h, y) ∈ SnΨ,S,k(g, x) if and only
if dΨ,S,k,Λ((g, x), (h, y)) ≤ n for all Λ > 0.
(3) The topology on G×X induced by dΨ,S,k,Λ coincides with the product topol-
ogy.
Example 2.11. If the strong homotopy action Ψ is given by an action of a group G
(see Example 2.8 (1)) then
SnΨ,S,k(g, x) =
{
(gk, k−1x)
∣∣ k ∈ S2n}.
Definition 2.12 (almost strongly transfer reducible). Let F be a family of sub-
groups of G. The group G is called almost strongly transfer reducible over F if there
exists a natural number N with the following property: For every finite symmetric
subset S ⊆ G containing the trivial element e ∈ G and every natural numbers k, n
there are
• a compact, contractible, controlled N -dominated metric space X ,
• a strong homotopy G-action Ψ on X and
• a G-invariant cover U of G×X by open sets
such that
(1) for all U ∈ U the subgroup GU := {g ∈ G | gU = U} belongs to F ,
(2) dim(U) ≤ N ,
(3) for every (g, x) ∈ G×X there exists U ∈ U with SnΨ,S,k(g, x) ⊆ U .
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Recall that a metric space X is controlled N -dominated if for every ǫ > 0 there
is a finite CW-complex K of dimension at most N , maps i : X → K, p : K → X ,
and a homotopy H : X× [0, 1]→ X between p◦ i and idX such that for every x ∈ X
the diameter of {H(x, t) | t ∈ [0, 1]} is at most ǫ.
We are interested in transfer reducibility because of the following proposition
(see [BLRR14, Proposition 5.4 (ii)] for a proof).
Proposition 2.13. Let G be a group which is almost strongly transfer reducible over
a family F of subgroups of G. Suppose that F is virtually closed, i.e., K < H < G
with K ∈ F and [H : K] < ∞ implies H ∈ F . Then G satisfies FJC with respect
to F .
Examples 2.14. (1) Hyperbolic groups are almost strongly transfer reducible
over the family of virtually cyclic subgroups. See [BL12a, Proposition 2.1].
(2) CAT(0)-groups are almost strongly transfer reducible over the family of
virtually cyclic subgroups. Hence, CAT(0)-groups satisfy FJC. See [Weg12,
Theorem 3.4].
2.3. The Farrell-Jones Conjecture with finite wreath products. Let G and
H be groups. The (restricted) wreath product G ≀H is defined as the semi-direct
product (
⊕
h∈H G) ⋊φ H , where the map φ : H → Aut(
⊕
h∈H G) is given by
φ(k)((gh)h∈H) := (ghk)h∈H .
Definition 2.15 (FJCw). We say that a group G satisfies the Farrell-Jones Con-
jecture with finite wreath product if for any finite group F the wreath product G ≀F
satisfies theK- and L-theoretic Farrell-Jones Conjecture (with respect to the family
of virtually cyclic subgroups). We will use the abbreviation FJCw for ”Farrell-Jones
Conjecture with finite wreath product”.
The main reason to study FJCw (instead of FJC) is the fact that FJCw is
virtually closed (i.e., closed under overgroups of finite index, see Proposition 2.17).
The Farrell-Jones Conjecture with finite wreath product has first been used in
[FR00], see also [Rou08, Definition 2.1].
Examples 2.16. (1) Since the class of CAT(0)-groups is closed under finite
wreath products, we conclude from Example 2.14 (2) that CAT(0)-groups
satisfy FJCw.
(2) The following statement is the main result of [BLRR14]: Let R be a ring
whose underlying abelian group is finitely generated. Let G be a group
which is commensurable to a subgroup of GLn(R) for some n ∈ N. Then
G satisfies FJCw.
The Farrell-Jones Conjecture with finite wreath product has useful inheritance
properties.
Proposition 2.17 (Inheritance properties, part 1). Subgroups: Let G be a
group which satisfies FJCw. Then every subgroup H < G satisfies FJCw.
Direct products: If G1 and G2 satisfy FJCw, then the direct product G1×G2
satisfies FJCw.
Finite wreath products: Let F be a finite group. If G satisfies FJCw then
G ≀ F satisfies FJCw.
Overgroups of finite index: Let G < Γ be subgroup of finite index. If G
satisfies FJCw then Γ satisfies FJCw.
Colimits: Let {Gi | i ∈ I} be a directed system of groups (with not necessar-
ily injective structure maps). If each Gi satisfies FJCw, then the colimit
colimi∈I Gi satisfies FJCw.
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Proof. Note that [BL12a, Lemma 2.3] also holds for the class FJK of groups sat-
isfying the K-theoretic Farrell-Jones Conjecture by the remark below the proof of
[BL12a, Lemma 2.3] and [Weg12, Corollary 1.2]. Therefore, the inheritance prop-
erties ”subgroups”, ”direct products”, and ”colimits” are true for FJC (instead of
FJCw). The inheritance properties for FJCw can be proven as follows.
Subgroups: Note that H ≀F is a subgroup of G ≀ F for every finite group F .
Direct products: This follows from the fact that (G1×G2) ≀F is a subgroup
of (G1 ≀ F )× (G2 ≀ F ).
Finite wreath products: Since (G ≀F ) ≀F ′ is a subgroup of GF×F
′
≀ (F ≀F ′)
(compare [FL03, Proof of Lemma 2.5]), this follows from the fact that FJCw
is closed under subgroups and direct products.
Overgroups of finite index: There exists a subgroupN < G of finite index
which is normal in Γ. By [FL03, Lemma 2.6], N ≀ Γ/N has a subgroup
isomorphic to Γ. Now, the statement follows since FJCw is closed under
subgroups and finite wreath products.
Colimits: Note that (colimi∈I Gi) ≀ F = colimi∈I(Gi ≀ F ).

Example 2.18. Finitely generated abelian groups are CAT(0)-groups and hence
satisfy FJCw (see Example 2.16). Since FJCw is closed under colimits (see Propo-
sition 2.17), all abelian groups satisfy FJCw.
The author could not find the following proposition in the literature.
Proposition 2.19. Let G be a Farrell-Hsiang group with respect to the family
FG := {H < G | H satisfies FJCw}. Then G satisfies FJCw.
Proof. Suppose that G is a Farrell-Hsiang group with respect to the family FG. Let
F be a finite group. We will show that G ≀F is a Farrell-Hsiang group with respect
to FG≀F := {H < G ≀ F | H satisfies FJCw}. Then the statement follows from
Proposition 2.6 and the transitivity principle described in [BFL14, Theorem 2.10].
We fix a finite symmetric generating set SG for G and define the following finite
symmetric generating sets: SGF := {(sf )f∈F ∈ G
F | sf ∈ SG}, SF := F , SG≀F :=
{(x, f) | x ∈ SGF , f ∈ F}. We denote the respective word length functions by lG,
lGF , lG≀F and the respective word metrics by dG, dGF , dG≀F .
Since G is a Farrell-Hsiang group, there exist a natural number NG and surjective
homomorphisms αG,n : G → FG,n (n ∈ N) onto finite groups FG,n such that the
following condition is satisfied: For any hyper-elementary subgroup H of FG,n
there exist a simplicial complex EG,H of dimension at most NG with a simplicial
α−1G,n(H)-action whose stabilizers belong to FG and an α
−1
G,n(H)-equivariant map
fG,H : G→ EG,H such that d1EG,H (fG,H(g), fG,H(h)) < 1/n if dG(g, h) < n.
We define αG≀F,n : G ≀ F → FG,n|F | ≀ F =: FG≀F,n to be the surjective homomor-
phism induced by αG,n|F |, i.e., αG≀F,n((gf )f∈F , f
′) := ((αG,n|F |(gf ))f∈F , f
′).
Let H < FG≀F,n be a hyper-elementary subgroup. We will construct a simpli-
cial complex EG≀F,H of dimension at most |F | · (NG + 1)
|F | − 1 with a simplicial
α−1G≀F,n(H)-action whose stabilizers belong to FG≀F and an α
−1
G≀F,n(H)-equivariant
map fG≀F,H : G ≀ F → EG,H such that d1EG≀F,H (fG≀F,H(g), fG≀F,H(h)) < 1/n if
dG≀F (g, h) < n.
Since the class of hyper-elementary groups is closed under taking subgroups and
quotients, the groups Hf := prf (H ∩ F
F
G,n|F |) < FG,n|F | are hyper-elementary. We
define a simplicial complex E′G≀F,H as follows. The vertices of E
′
G≀F,H are tuples
(vf )f∈F , where vf is a vertex of EG,Hf . Distinct vertices v
(0), . . . , v(m) span an
m-simplex if and only if for all f ∈ F the vertices v
(0)
f , . . . , v
(m)
f are contained in a
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common simplex of EG,Hf . The simplicial complex E
′
G≀F,H is of dimension at most
(NG + 1)
|F | − 1.
For every f ∈ prF (H) we fix an element hf ∈ α
−1
G≀F,n(H) with prF (hf ) = f . A
simplicial α−1G≀F,n(H)-action on
∐
f∈F E
′
G≀F,H = F × E
′
G≀F,H is defined as follows.
Let g ∈ α−1G≀F,n(H), f
′ ∈ F , and let (vf )f∈F be a vertex in E′G≀F,H . We define
g
(
f ′, (vf )f∈F
)
:=
(
prF (g)f
′, (prf (g
′)vf )f∈F
)
with g′ := h−1prF (g)f ′
· g · hf ′ ∈ α
−1
G≀F,n(H) ∩G
F =
∏
f∈F α
−1
G,n|F |(Hf ).
We fix a right coset transversal T ⊂ F for GF ⋊ prF (H) < G ≀ F . Then every
element in G ≀F can be uniquely written as hf ·g ·t with f ∈ prF (H), g = (gf )f∈F ∈
GF , and t ∈ T . We define a map f ′G≀F,H : G ≀ F → F × E
′
G≀F,H by
f ′G≀F,H(hf · g · t) =
(
f, i
(
(fG,Hf (gf ))f∈F
))
,
where i :
∏
f∈F EG,Hf → E
′
G≀F,H is given by( ∑
vf vertex in EG,Hf
tvf · vf
)
f∈F
7→
∑
(vf )f∈F vertex in E′G≀F,H
∏
f∈F
tvf · (vf )f∈F
(tvf ≥ 0,
∑
vf
tvf = 1). The map f
′
G≀F,H is α
−1
G≀F,n(H)-equivariant.
We would like to define a map fG≀F,H : G ≀ F → F × E′G≀F,H by fG≀F,H(x) :=∑
f∈F
1
|F |f
′
G≀F,H(xf). But in general, this linear combination will not lie in a sim-
plex of F ×E′G≀F,H . That is why we define the simplicial complex EG≀F,H to be the
smallest simplicial complex with the same vertices as F × E′G≀F,H such that every
linear combination
∑
f∈F
1
|F |f
′
G≀F,H(xf) (x ∈ G ≀ F ) lies in EG≀F,H . Then the map
fG≀F,H : G ≀ F → EG≀F,H , x 7→
∑
f∈F
1
|F |
f ′G≀F,H(xf)
is well defined. The simplicial complex EG≀F,H is of dimension at most |F | · (NG +
1)|F | − 1.
It remains to show that d1EG≀F,H (fG≀F,H(x), fG≀F,H(y)) < 1/n if dG≀F (x, y) < n.
Let g, g′ ∈ GF and f, f ′ ∈ F with x = gf and y = g′f ′. Then fG≀F,H(x) =
fG≀F,H(g) and fG≀F,H(y) = fG≀F,H(g
′). For every f ∈ F there exist a(f) ∈ prF (H),
b(f), c(f) ∈ GF , and d(f) ∈ T ⊂ F such that gf = ha(f)b(f)d(f) and g
′f =
ha(f)c(f)d(f ).
We conclude
fG≀F,H(g) =
1
|F |
∑
f∈F
(
a(f), i
(
(fG,Hf (b(f)f ))f∈F
))
,
fG≀F,H(h) =
1
|F |
∑
f∈F
(
a(f), i
(
(fG,Hf (c(f)f ))f∈F
))
.
Hence,
d1EG≀F,H (fG≀F,H(g), fG≀F,H(h))
≤
1
|F |
∑
f∈F
d1E′
G≀F,H
(
i
(
(fG,Hf (b(f)f ))f∈F
)
, i
(
(fG,Hf (c(f)f ))f∈F
))
≤
1
|F |
∑
f,f∈F
d1EG,Hf
(
fG,Hf (b(f)f ), fG,Hf (c(f)f )
)
.
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We calculate dG≀F (x, y) = lG≀F (y
−1x) = lG≀F (f
′−1g′
−1
gf). The construction of
the generating sets SG≀F and SGF – in particular, the invariance under conjugation
with elements in F – implies
lG≀F (f
′−1g′
−1
gf) = lG≀F (g
′−1gff ′
−1
) ≥ lGF (g
′−1g).
Hence, lGF (g
′−1g) ≤ dG≀F (x, y) < n. Since
dG
(
b(f)f , c(f)f
)
= lG
(
c(f)−1f b(f)f
)
≤ lGF
(
c(f)−1b(f)
)
=
lGF
(
d(f)f
−1
g′−1gfd(f)−1
)
= lGF (g
′−1g) < n ≤ n · |F |,
we conclude
d1EG,Hf
(
fG,Hf (b(f)f ), fG,Hf (c(f)f )
)
<
1
n|F |
.
Therefore,
d1EG≀F,H
(
fG≀F,H(x), fG≀F,H(y)
)
= d1EG≀F,H
(
fG≀F,H(g), fG≀F,H(h)
)
≤
1
|F |
∑
f,f∈F
d1EG,Hf
(
fG,Hf (b(f)f ), fG,Hf (c(f)f )
)
<
1
|F |
∑
f,f∈F
1
n|F |
=
1
n
.
This finishes the proof of Proposition 2.19. 
Proposition 2.20. Let G be a group which is almost strongly transfer reducible
over FG := {H < G | H satisfies FJCw}. Then G satisfies FJCw.
Proof. Suppose that G is almost strongly transfer reducible over FG. Let F be a
finite group. We have to show that G ≀F satisfies FJC. [BLRR14, Theorem 5.1 and
Remark 5.7] imply that G ≀ F satisfies FJC with respect to the family F ≀ which
is defined as follows. The family F ≀ consists of those subgroups H < G ≀ F which
contain a subgroup of finite index that is isomorphic to a subgroup of H1× . . .×Hn
for some n and H1, . . . , Hn ∈ F . Using Proposition 2.17 we conclude that every
group in F ≀ satisfies FJCw. [BFL14, Theorem 2.10] implies that G ≀ F satisfies
FJC. 
Example 2.21. We conclude from Example 2.14 (1) that hyperbolic groups satisfy
FJCw. In particular, finitely generated free groups satisfy FJCw. Since FJCw is
closed under colimits (see Proposition 2.17), all free groups satisfy FJCw.
Proposition 2.22 (Inheritance properties, part 2). Extensions: Let
1 // K // G
p
// Q // 1
be a short exact sequence. If K, Q, and p−1(C) satisfy FJCw for every
infinite cyclic subgroup C < Q then G satisfies FJCw.
Free products: If G1 and G2 satisfy FJCw, then the free product G1 ∗ G2
satisfies FJCw.
Proof. Extensions: Let F be a finite group. The map p induces a map
p˜ : G ≀ F → Q ≀ F . Note that [BL12a, Lemma 2.3 (ii)] also holds for the
class FJK of groups satisfying the K-theoretic Farrell-Jones Conjecture
by the remark below the proof of [BL12a, Lemma 2.3] and [Weg12, Corol-
lary 1.2]. Hence, it suffices to show that p˜−1(V ) satisfies FJC for every
virtually cyclic subgroup V < Q ≀ F . The subgroup V ∩ QF < V is of
finite index. Since the class of virtually cyclic groups is closed under sub-
groups and quotients, the groups prf (V ∩ Q
F ) < Q (f ∈ F ) are virtually
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cyclic. Hence, there exist subgroups Cf < prf (V ∩ Q
F ) of finite index
such that Cf is either infinite cyclic or trivial. By assumption the groups
p−1(Cf ) satisfy FJCw. Since
∏
f∈F Cf < V is a subgroup of finite index,∏
f∈F p
−1(Cf ) = p˜
−1(
∏
f∈F Cf ) < p˜
−1(V ) is a subgroup of finite index.
Using Proposition 2.17 we conclude that p˜−1(V ) satisfies FJCw.
Free products: We consider the surjective homomorphism p : G1 ∗ G2 →
G1 × G2. It remains to check that ker(p) and p−1(C) satisfy FJCw for
every infinite cyclic subgroup C < G1 ×G2. By [Rou08, Lemma 5.2] those
groups are free and hence satisfy FJCw (see Example 2.21).

3. Reducing the class of solvable groups
In [FL03] Farrell and Linnell study isomorphism conjectures for solvable groups.
The following result is due to Farrell and Jones (compare [FL03, Theorem 1.2]).
Proposition 3.1. Suppose that FJCw is true for every nearly crystallographic
group. Then every solvable group satisfies FJCw.
Recall that a nearly crystallographic group G is a finitely generated group which
can be written as a semi-direct product G = A⋊C such that A⊳G is isomorphic
to a subgroup of Qn for some n ∈ N, C < G is virtually cyclic, and the conjugation
action of C on A makes A⊗Q into an irreducible QC-module.
Farrell and Linnell prove Proposition 3.1 for a related conjecture, the Fibered
Isomorphism Conjecture (FIC), instead of FJCw (see [FL03, Theorem 1.2]). The
proof is based on properties of FIC which also hold for FJCw. Hence, the proof
can be directly transferred to FJCw.
For our purpose we need the similar Proposition 3.3 stated below.
Definition 3.2. Let w ∈ Q
×
be a non-zero algebraic number. We define the group
Gw as the semi-direct product
Gw := Z[w,w
−1]⋊·w Z.
The multiplication in Gw is given by
(x1, x2) · (y1, y2) := (x1 + w
x2y1, x2 + y2)
(x1, y1 ∈ Z[w,w−1], x2, y2 ∈ Z).
Proposition 3.3. Suppose that FJCw is true for the groups Gw (w ∈ Q
×
). Then
FJCw holds for all solvable groups.
The proof is similar to the proof of Proposition 3.1. It is based on the following
lemmata.
Lemma 3.4. FJCw holds for every semi-direct product A ⋊ Z with A torsion
abelian.
Lemma 3.5. The wreath product Z ≀ Z satisfies FJCw.
Proof of Lemma 3.4 and 3.5. Farrell and Linnell prove Lemma 3.4 and 3.5 for FIC,
see [FL03, Lemma 4.1, Corollary 4.2, Lemma 4.3]. In the proofs they use the
following properties of FIC:
• Let p : Γ ։ G be an epimorphism of groups such that FIC is true for G
and also for p−1(S) for all virtually cyclic subgroups S < G. Then FIC is
true for Γ. (see [FL03, Lemma 2.2])
• If FIC is true for a group Γ then FIC is true for every subgroup of Γ. (see
[FL03, Lemma 2.3])
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• Let F be a finitely generated free group, let X be a finite set, and let S
denote the symmetric group on X . Then FIC is true for F ≀X S := FX ⋊S.
(see [FL03, Lemma 2.4])
• Every virtually abelian group satisfies FIC. (see [FL03, Lemma 2.7])
• Let {Gi | i ∈ I} be a directed system of groups. If each Gi satisfies FIC,
then the colimit colimi∈I Gi satisfies FIC. (see [FL03, Theorem 7.1])
Since these properties are also satisfied for FJCw (see Proposition 2.17, Exam-
ple 2.18, Example 2.21, Proposition 2.22), the proofs can be directly transferred to
FJCw. 
Lemma 3.6. Suppose that FJCw holds for the groups Gw (w ∈ Q
×
). Then every
semi-direct product Qn ⋊ Z satisfies FJCw.
Proof. At first we show that Q
n
⋊φn,w Z (n ∈ N, w ∈ Q
×
) with
φn,w : Q
n
→ Q
n
, (a1, a2, . . . , an) 7→ (wa1, a1 + wa2, . . . , an−1 + wan)
satisfies FJCw. We proceed by induction on n. As initial step we have to show that
Q ⋊φ1,w Z = Q ⋊·w Z satisfies FJCw. Since Q is a directed colimit of subgroups
isomorphic to Z, we obtain
Q(w)⋊·w Z = Q[w,w
−1]⋊·w Z = colimZ[w,w
−1]⋊·w Z.
By Proposition 2.17 (Colimits) this group satisfies FJCw. Let bi (i ∈ I) be a basis
of the Q(w)-vector space Q. Since
Q⋊·w Z =
(⊕
i∈I
biQ(w)
)
⋊·w Z <
⊕
i∈I
(
biQ(w)⋊·w Z
)
∼=
⊕
i∈I
(
Q(w)⋊·w Z
)
,
we conclude from Proposition 2.17 that Q⋊·w Z satisfies FJCw.
Induction step n → n + 1: Assume that Q
n
⋊φn,w Z satisfies FJCw. Consider
the the map
p : Q
n+1
⋊φn+1,w Z։ Q
n
⋊φn,w Z, (a1, . . . , an+1, z) 7→ (a1, . . . , an, z).
We will apply Proposition 2.22 (Extensions). Note that ker(p) = Q satisfies FJCw
(see Example 2.18). It remains to show that p−1(C) satisfies FJCw for every infinite
cyclic subgroup C < Q
n
⋊φn,w Z. Let (a, z) ∈ Q
n+1
⋊φn+1,w Z be a preimage of a
generator of C. We obtain a short exact sequence
1→ ker(p)→ p−1(C)→ C → 1.
Note that (a, z) · x · (a, z)−1 = x · wz for all x ∈ ker(p). Hence, p−1(C) ∼= Q⋊·wz Z
satisfies FJCw. So far, we have shown that FJCw holds for Q
n
⋊φn,w Z (n ∈ N,
w ∈ Q
×
).
Now, let φ : Z → Gln(Q) < Gln(Q) be any homomorphism. We want to prove
that Qn ⋊φ Z satisfies FJCw. Proposition 2.17 (Subgroups) tells us that it suffices
to show that FJCw is true for Q
n
⋊φ Z. A decomposition of φ(1) ∈ Gln(Q) into
Jordan blocks gives
Q
n
⋊φ Z ∼= (
⊕
Q
m
)⋊(⊕φm,w) Z <
⊕(
Q
m
⋊φm,w Z
)
.
We conclude from Proposition 2.17 (Subgroups) and (Direct products) that Q
n
⋊φZ
satisfies FJCw. 
Following the proof of [FL03, Corollary 4.4] we obtain
Corollary 3.7. Suppose that FJCw is true for the groups Gw (w ∈ Q
×
). Then
FJCw holds for every semi-direct product A⋊ Z with A torsion-free abelian.
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Proof. Since A is a torsion-free abelian group, A⋊Z is a subgroup of a semi-direct
product B ⋊ Z with B := A ⊗Z Q. The conjugation action of Z on B makes B
into a QZ-module. By Proposition 2.17 it suffices to show that C ⋊ Z satisfies
FJCw for every finitely generated QZ-submodule C < B. Since QZ is a principal
ideal domain, we can decompose C into cyclic QZ-submodules: C ∼=
⊕n
k=1 Ck.
Note that C ⋊ Z is a subgroup of
⊕n
k=1(Ck ⋊ Z). Hence, it suffices to show that
Ck ⋊ Z satisfies FJCw (see Proposition 2.17). There are two types of cyclic QZ-
modules: free and finite Q-dimensional. If Ck is a free QZ-module then we conclude
Ck ⋊ Z ∼= Q ≀ Z. Since Q is a directed colimit of subgroups isomorphic to Z, we
obtain Q ≀ Z = colimZ ≀ Z. This group satisfies FJCw because of Lemma 3.5 and
Proposition 2.17 (Colimits). If Ck has finite Q-dimension then Ck ⋊ Z satisfies
FJCw because of Lemma 3.6. 
Proof of Proposition 3.3. Recall that an n-step solvable group is a group whose n-
th term of the derived series is trivial. If G is 1-step solvable (i.e., abelian) then G
satisfies FJCw (see Example 2.18). Now suppose that G is 2-step solvable. Then
[G,G] is abelian. Let T < [G,G] be the torsion subgroup. Since T is characteristic
in [G,G], it is normal in G. We obtain a short exact sequence
1→ [G,G]/T → G/T → G/[G,G]→ 1.
Proposition 2.22 (Extensions) and Corollary 3.7 imply that FJCw holds for G/T .
Proposition 2.22 applied to the short exact sequence 1→ T → G→ G/T → 1 and
Lemma 3.4 imply that G satisfies FJCw.
Now, let G be an n-step solvable group with n ≥ 3. We will prove by induction
on n that G satisfies FJCw. We consider the short exact sequence
1→ G(2) → G→ G/G(2) → 1.
Note that G(2) is (n−2)-step solvable and G/G(2) is 2-step solvable. If C < G/G(2)
is an infinite cyclic subgroup then the preimage is an (n−1)-step solvable subgroup
of G. We apply Proposition 2.22 (Extensions) and conclude that G satisfies FJCw.

4. A combination of the Farrell-Hsiang method and transfer
reducibility
In this section we introduce and study Farrell-Hsiang-Jones groups. They arise
from a combination of the Farrell-Hsiang method and transfer reducibility.1
Definition 4.1 (FHJ group). Let G be a finitely generated group and let F be a
family of subgroups. Let S ⊆ G be a finite symmetric subset which generates G
and contains the trivial element e ∈ G. We call G a Farrell-Hsiang-Jones group
(”FHJ group” for short) with respect to the family F if there exist a natural number
N and surjective homomorphisms αn : G→ Fn (n ∈ N) onto finite groups Fn such
that the following condition is satisfied. For any hyper-elementary subgroup H of
Fn there exist
• a compact, contractible, controlled N -dominated metric space Xn,H ,
• a strong homotopy G-action Ψn,H on Xn,H ,
• a positive real number Λn,H ,
• a simplicial complexEn,H of dimension at mostN with a simplicial α−1n (H)-
action whose stabilizers belong to F ,
• and an α−1n (H)-equivariant map fn,H : G×Xn,H → En,H
1Some Farrell-Hsiang groups are transfer reducible, see [Win14].
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such that
n · d1En,H
(
fn,H(g, x), fn,H(h, y)
)
≤ dΨn,H ,Sn,n,Λn,H
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ G×Xn,H with h−1g ∈ Sn.
Examples 4.2. (1) Every Farrell-Hsiang group is a FHJ group. (Choose as
Xn,H the space consisting of one point.)
(2) If a group G is almost strongly transfer reducible over F then G is a
FHJ group with respect to F . This follows from [Weg12, Proposition 3.6].
(Choose as Fn the trivial group.)
Lemma 4.3. Let G be a FHJ group with respect to the family FG := {H < G |
H satisfies FJCw}. Let F be a finite group. Then the wreath product G ≀ F is a
FHJ group with respect to the family FG≀F := {H < G ≀ F | H satisfies FJCw}.
Proof. We fix a finite symmetric generating set SG for G and define the following
finite symmetric generating sets: SGF := {(sf)f∈F ∈ G
F | sf ∈ SG}, SF := F ,
SG≀F := {(x, f) | x ∈ SGF , f ∈ F}. We denote the respective word length functions
by lG, lGF , lG≀F and the respective word metrics by dG, dGF , dG≀F .
Since G is a FHJ group there exist a natural number NG and surjective homo-
morphisms αG,n : G→ FG,n (n ∈ N) onto finite groups FG,n such that the following
condition is satisfied. For any hyper-elementary subgroup H of FG,n there exist
• a compact, contractible, controlled NG-dominated metric space XG,n,H ,
• a strong homotopy G-action ΨG,n,H on XG,n,H ,
• a positive real number ΛG,n,H ,
• a simplicial complex EG,n,H of dimension at most NG with a simplicial
α−1G,n(H)-action whose stabilizers belong to FG,
• and an α−1G,n(H)-equivariant map fG,n,H : G×XG,n,H → EG,n,H
such that
n · d1EG,n,H
(
fG,n,H(g, x), fG,n,H(h, y)
)
≤ dΨG,n,H ,SnG,n,ΛG,n,H
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ G×XG,n,H with dG(g, h) ≤ n.
We set
NG≀F := max
{
|F |2 ·NG, |F | · (NG + 1)
|F |2 − 1
}
and define αG≀F,n : G≀F → FG,n|F |2 ≀F =: FG≀F,n to be the surjective homomorphism
induced by αG,n|F |2 , i.e., αG≀F,n((gf )f∈F , f
′) := ((αG,n|F |2(gf ))f∈F , f
′).
Let H < FG≀F,n be a hyper-elementary subgroup. We have to construct
• a compact, contractible, controlledNG≀F -dominated metric spaceXG≀F,n,H ,
• a strong homotopy G ≀ F -action ΨG≀F,n,H on XG≀F,n,H,
• a positive real number ΛG≀F,n,H,
• a simplicial complex EG≀F,n,H of dimension at most NG≀F with a simplicial
α−1G≀F,n(H)-action whose stabilizers belong to FG≀F ,
• and an α−1G≀F,n(H)-equivariant map fG≀F,n,H : G ≀F ×XG≀F,n,H → EG≀F,n,H
such that
n · d1EG≀F,n,H
(
fG≀F,n,H(g, x), fG≀F,n,H(h, y)
)
≤ dΨG≀F,n,H ,SnG≀F ,n,ΛG≀F,n,H
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ G ≀ F ×XG≀F,n,H with dG≀F (g, h) ≤ n.
Since the class of hyper-elementary groups is closed under taking subgroups and
quotients, the groups Hf := prf (H ∩ F
F
G,n|F |2) < G are hyper-elementary. We
define
ΛG≀F,n,H := max
{
ΛG,n|F |2,Hf
∣∣ f ∈ F}.
For the sequel we use the abbreviations XHf := XG,n|F |2,Hf , ΨHf := ΨG,n|F |2,Hf ,
ΛHf := ΛG,n|F |2,Hf .
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The strong homotopy G-actions ΨHf on XHf induce strong homotopy G ≀ F -
actions Ψ˜Hf on X
F
Hf
:
Ψ˜Hf
(
gl, tl, gl−1, . . . , t1, g0, x
)
f
:=
ΨHf
(
(al)f , tl, (al−1)ffl , . . . , t1, (a0)ffl...f1 , xffl...f1f0
)
where ai ∈ GF and fi ∈ F (i = 0, 1, . . . , l) are determined by gi = aifi. We equip
XFHf with the metric
dXF
Hf
(
x, y
)
:=
1
|F |
∑
f∈F
dXHf (xf , yf).
The metric space XFHf is compact, contractible, and controlled |F | ·NG-dominated.
The group F acts on XFHf by f
′ · (xf )f∈F := (xff ′)f∈F . Since the pseudo-metric
d
(
(g, x), (h, y)
)
:=
1
|F |
∑
f∈F
dΨHf ,S
n
G
,n,ΛHf
(
(g · prF (g)
−1)f , (prF (g)x)f ), ((h · prF (h)
−1)f , (prF (h)y)f )
)
on G ≀ F ×XFHf satisfies
• d((g, x), (g, y)) ≤ ΛHf · dXH (x, y) for all g ∈ G ≀ F , x, y ∈ X
F
Hf
and
• d((g, x), (h, y)) ≤ 1 for all (h, y) ∈ S1
Ψ˜Hf ,S
n
G≀F ,n
(g, x),
we have
1
|F |
∑
f∈F
dΨHf ,S
n
G
,n,ΛHf
(
gf , xf ), (hf , yf )
)
≤ dΨ˜Hf ,S
n
G≀F ,n,ΛHf
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ GF ×XFHf .
The strong homotopy G ≀F -actions Ψ˜Hf on X
F
Hf
give rise to a strong homotopy
G ≀ F -action ΨG≀F,n,H on XG≀F,n,H :=
∏
f∈F X
F
Hf
which is given by
ΨG≀F,n,H
(
gl, tl, gl−1, . . . , t1, g0, x
)
:=
(
Ψ˜Hf
(
gl, tl, gl−1, . . . , t1, g0, xf
))
f∈F
.
The group F acts diagonally on XG≀F,n,H :=
∏
f∈F X
F
Hf
, i.e., f ′ · (xf )f∈F :=
(f ′ ·xf )f∈F for f ′ ∈ F and xf ∈ XFHf (f ∈ F ). We equip XG≀F,n,H with the metric
dXG≀F,n,H
(
x, y
)
:=
1
|F |
∑
f∈F
dXF
Hf
(xf , yf ).
Note that XG≀F,n,H is a compact, contractible, controlled |F |2 ·NG-dominated met-
ric space. We abbreviate XH := XG≀F,n,H , ΨH := ΨG≀F,n,H, ΛH := ΛG≀F,n,H .
Since the metric(
(g, x), (h, y)
)
7→
1
|F |
∑
f∈F
dΨ˜Hf ,S
n
G≀F
,n,ΛHf
(
(g, xf ), (h, yf )
)
on G ≀ F ×XH satisfies
• 1|F |
∑
f∈F dΨ˜Hf ,S
n
G≀F ,n,ΛHf
((g, x), (g, y)) ≤ ΛH · dXH (x, y) for all g ∈ G ≀ F ,
x, y ∈ XH and
• 1|F |
∑
f∈F dΨ˜Hf ,S
n
G≀F ,n,ΛHf
((g, x), (h, y)) ≤ 1 for all (h, y) ∈ S1ΨH ,SnG≀F ,n
(g, x),
we have
1
|F |
∑
f∈F
dΨ˜Hf ,S
n
G≀F ,n,ΛHf
(
(g, x), (h, y)
)
≤ dΨH ,SnG≀F ,n,ΛH
(
(g, x), (h, y)
)
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for all (g, x), (h, y) ∈ G ≀ F ×XH .
We define a simplicial complex E′G≀F,n,H as follows. The vertices of E
′
G≀F,n,H
are tuples (vf,f ′)f,f ′∈F , where vf,f ′ is a vertex of EG,n|F |2,Hf . Distinct vertices
v(1), . . . , v(m) span anm-simplex if and only if for all f, f ′ ∈ F the vertices v
(1)
f,f ′ , . . . , v
(m)
f,f ′
are contained in a common simplex of EG,n|F |2,Hf . The simplicial complex E
′
G≀F,n,H
is of dimension at most (NG + 1)
|F |2 − 1.
For every f ∈ prF (H) we fix an element hf ∈ α
−1
G≀F,n(H) with prF (hf ) = f . A
simplicial α−1G≀F,n(H)-action on
∐
f∈F E
′
G≀F,n,H = F×E
′
G≀F,n,H is defined as follows.
Let g ∈ α−1G≀F,n(H), f ∈ F , and let (vf,f ′)f,f ′∈F be a vertex in E
′
G≀F,H . We define
g
(
f, (vf,f ′)f,f ′∈F
)
:=
(
prF (g)f, (prf (g
′)vf,f ′)f,f ′∈F
)
with g′ := h−1
prF (g)f
· g · hf ∈ α
−1
G≀F,n(H) ∩G
F =
∏
f∈F α
−1
G,n|F |2(Hf ).
We fix a right coset transversal T ⊂ F for GF ⋊ prF (H) < G ≀ F . Note that
every element in G ≀ F can be uniquely written as hf · g · t with f ∈ prF (H), g =
(gf )f∈F ∈ GF , and t ∈ T . We define a map f ′G≀F,n,H : G ≀ F ×XH → F ×E
′
G≀F,n,H
by
f ′G≀F,n,H(hf · g · t, x) =
(
f, i
(
(fG,n|F |2,Hf (gf , (t
−1x)f ))f,f ′∈F
))
,
where i :
∏
f,f ′∈F EG,n|F |2,Hf → E
′
G≀F,n,H is given by( ∑
vf vertex in EG,n|F |2,Hf
tvf (f
′) · vf
)
f,f ′∈F
7→
∑
(vf,f′ )f,f′∈F vertex in E
′
G≀F,n,H
∏
f,f ′∈F
tvf (f
′) · (vf,f ′)f,f ′∈F
(tvf (f
′) ≥ 0,
∑
vf
tvf (f
′) = 1). The map f ′G≀F,n,H is α
−1
G≀F,n(H)-equivariant.
We would like to define a map fG≀F,n,H : G ≀ F × XH → F × E′G≀F,n,H by
fG≀F,n,H(g, x) :=
∑
f∈F
1
|F |f
′
G≀F,n,H(gf
−1, fx). But in general, this linear com-
bination will not lie in a simplex of F × E′G≀F,n,H . Hence, we define the simplicial
complex EG≀F,n,H to be the smallest simplicial complex with the same vertices
as F × E′G≀F,n,H such that every linear combination
∑
f∈F
1
|F |f
′
G≀F,n,H(gf
−1, fx)
(g ∈ G ≀ F , x ∈ XH) lies in EG≀F,n,H . Then the map
fG≀F,n,H : G ≀ F ×XH → F × EG≀F,n,H , (g, x) 7→
∑
f∈F
1
|F |
f ′G≀F,n,H(gf
−1, fx)
is well defined. The simplicial complex EG≀F,n,H is of dimension at most |F | ·(NG+
1)|F |
2
−1. For the sequel we use the abbreviations EH := EG≀F,n,H , fH := fG≀F,n,H ,
EHf := EG,n|F |2,Hf , fHf := fG,n|F |2,Hf .
It remains to show that
n · d1EH
(
fH(g, x), fH(h, y)
)
≤ dΨH ,SnG≀F ,n,ΛH
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ G ≀ F × XH with dG≀F (g, h) ≤ n. Let g′, h′ ∈ GF and
fg, fh ∈ F with g = g
′fg and h = h
′fh. Then fH(g, x) = fH(g
′, f−1g x) and
fH(h, y) = fH(h
′, f−1h y). For every f ∈ F there exist a(f) ∈ prF (H), b(f), c(f) ∈
GF , and d(f) ∈ T ⊂ F such that g′f = ha(f)b(f)d(f) and h
′f = ha(f)c(f)d(f). We
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conclude
fH(g
′, f−1g x) =
1
|F |
∑
f∈F
(
a(f), i
(
(fHf (b(f)f , d(f)
−1f−1g x)f )f,f ′∈F
))
,
fH(h
′, f−1h y) =
1
|F |
∑
f∈F
(
a(f), i
(
(fHf (c(f)f , d(f)
−1f−1h y)f )f,f ′∈F
))
.
Hence,
d1EH (fH(g, x), fH(h, y))
≤
1
|F |
∑
f∈F
d1E′
G≀F,n,H
(
i
(
(fHf (b(f)f , (d(f)
−1f−1g x)f ))f,f ′∈F
)
, i
(
(fHf (c(f )f , (d(f)
−1f−1h y)f ))f,f ′∈F
))
≤
1
|F |
∑
f,f,f ′∈F
d1EHf
(
fHf (b(f)f , (d(f)
−1f−1g x)f ), fHf (c(f)f , (d(f)
−1f−1h y)f )
)
=
∑
f,f∈F
d1EHf
(
fHf (b(f)f , (d(f )
−1f−1g x)f ), fHf (c(f)f , (d(f)
−1f−1h y)f )
)
.
The construction of the generating sets SG≀F and SGF – in particular, the invari-
ance under conjugation with elements in F – implies dGF (g
′, h′) ≤ dG≀F (g, h) ≤ n.
Since
dG
(
b(f)f , c(f)f
)
= lG
(
c(f)−1f b(f)f
)
≤ lGF
(
c(f)−1b(f)
)
=
lGF
(
d(f)f
−1
h′−1g′fd(f)−1
)
= lGF (h
′−1g′) ≤ n,
we conclude
d1EHf
(
fHf (b(f)f , (d(f)
−1f−1g x)f ), fHf (c(f)f , (d(f)
−1f−1h y)f )
)
<
1
n|F |2
.
Therefore,
d1EH (fH(g, x), fH(h, y)) = d
1
EH (fH(g
′, x), fH(h
′, y))
≤
∑
f,f∈F
d1EHf
(
fHf (b(f)f , (d(f )
−1f−1g x)f ), fHf (c(f)f , (d(f)
−1f−1h y)f )
)
≤
1
n|F |2
∑
f,f∈F
dΨHf ,S
n
G
,n,ΛHf
(
(b(f)f , (d(f)
−1f−1g x)f ), (c(f )f , (d(f)
−1f−1h y)f )
)
≤
1
n|F |
∑
f∈F
dΨ˜Hf ,S
n
G≀F ,n,ΛHf
(
(b(f), d(f )−1f−1g x), (c(f), d(f )
−1f−1h y)
)
≤
1
n|F |
∑
f∈F
dΨH ,SnG≀F ,n,ΛH
(
(b(f), d(f)−1f−1g x), (c(f ), d(f)
−1f−1h y)
)
=
1
n|F |
∑
f∈F
dΨH ,SnG≀F ,n,ΛH
(
(b(f)d(f)fg, x), (c(f )d(f)fh, y)
)
=
1
n|F |
∑
f∈F
dΨH ,SnG≀F ,n,ΛH
(
(ha(f)b(f)d(f )fg, x), (ha(f)c(f)d(f)fh, y)
)
=
1
n|F |
∑
f∈F
dΨH ,SnG≀F ,n,ΛH
(
(g, x), (h, y)
)
=
1
n
dΨH ,SnG≀F ,n,ΛH
(
(g, x), (h, y)
)
This finishes the proof of Lemma 4.3. 
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Proposition 4.4. Let G be a FHJ group with respect to a family F of subgroups.
Suppose that F is virtually closed, i.e., K < H < G with K ∈ F and [H : K] <∞
implies H ∈ F . Then G satisfies FJC with respect to F .
The proof of Proposition 4.4 needs some preparation. We will give a proof in
subsection 4.2 and 4.3.
Remark 4.5. If the simplicial α−1n (H)-action is cell preserving then we can drop the
assumption in Proposition 4.4 that F is virtually closed.
Lemma 4.3 and Proposition 4.4 imply
Corollary 4.6. Let G be a FHJ group with respect to the family FG := {H < G |
H satisfies FJCw}. Then G satisfies FJCw.
4.1. The obstruction category. In this subsection we recall the definition of the
obstruction category. In the sequel A denotes a small additive category (with a
strictly associative direct sum) which is provided with a strict right action of a
group G.
Definition 4.7 (obstruction category). Let X be a G-space and let (Y, dY ) be a
metric space with an isometricG-action. We consider theG-spaceG×X×Y×[1,∞)
with the G-action given by h(g, x, y, t) := (hg, hx, hy, t). We define the obstruction
category OG(X, (Y, dY );A) as follows.
An object in OG(X, (Y, dY );A) is a collection A = (Ag,x,y,t)(g,x,y,t)∈G×X×Y×[1,∞)
of objects in A with the following properties:
• A is locally finite, i.e., for every z0 ∈ G×X×Y ×[1,∞) there exists an open
neighborhood U such that the set {z ∈ G ×X × Y × [1,∞) |Az 6= 0} ∩ U
is finite.
• There is a compact subset K ⊆ G×X×Y such that Ag,x,y,t = 0 whenever
(g, x, y) /∈ G ·K.
• We have Az · g = Ag−1z for all z ∈ G×X × Y × [1,∞) and g ∈ G.
A morphism φ : B → A is a collection of morphisms φz,z′ : Bz′ → Az in A (z, z′ ∈
G×X × Y × [1,∞)) with the following properties:
• The sets {z ∈ G × X × Y × [1,∞) |φz,z′ 6= 0} and {z ∈ G × X × Y ×
[1,∞) |φz′,z 6= 0} are finite for all z′ ∈ G×X × Y × [1,∞).
• There areR, T > 0 and a finite subset F ⊆ G such that φ(g,x,y,t),(g′,x′,y′,t′) =
0 whenever g−1g′ /∈ F or dY (y, y′) > R or |t− t′| > T .
• The set{(
(x, t), (x′, t′)
)
∈ (X × [1,∞))2
∣∣ ∃ g, g′ ∈ G, y, y′ ∈ Y : φ(g,x,y,t),(g′,x′,y′,t′) 6= 0}
lies in the equivariant continuous control condition EXGcc defined in [BLR08b,
section 3.2].
• We have φz,z′ · g = φg−1z,g−1z′ for all z, z
′ ∈ G×X×Y × [1,∞) and g ∈ G.
Composition is given by matrix multiplication, i.e.,
(ψ ◦ φ)z,z′′ :=
∑
z′∈G×X×Y×[1,∞)
ψz,z′ ◦ ψz′,z′′ .
The obstruction category OG(X, (Y, dY );A) inherits the structure of an additive
category from A.
We use the same notation as in [BL12a, subsection 4.4] and [Weg12, section 4]
which slightly differs from the notation used in [BLR08b] (see [BL12a, Remark
4.10]).
The construction is functorial in Y : Let f : Y → Y ′ be a G-equivariant map with
the property that for every r > 0 there exists R > 0 such that dY ′(f(y1), f(y2)) < R
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whenever dY (y1, y2) < r. Then the map f induces a functor f∗ : OG(X,Y ;A) →
OG(X,Y ′;A) with f∗(A)g,x,y′,t :=
⊕
y∈f−1({y′}) Ag,x,y,t.
IfA is an additive category with involution IA (i.e., IA : A → A is a contravariant
functor with I2A = idA) then we obtain an involution IO on O
G(X, (Y, dY );A) by
IO(A)g,x,y,t := IA(Ag,x,y,t) and IO(φ)z,z′ := IA(φz′,z).
We are mostly interested in OG(EFG, pt;A) because of the following proposition
which is proven in [BL12a, Theorem 5.2].
Proposition 4.8. (1) Let G be a group and let F be a family of subgroups.
Suppose that for every m0 ∈ Z there exists m ≥ m0 such that
Km
(
OG(EFG, pt;A)
)
= 0
for all additive G-categories A. Then the assembly map (2.1) is an isomor-
phism for all m ∈ Z and all additive G-categories A.
(2) Let G be a group and let F be a family of subgroups. Denote by F2 the
family of subgroups which are contained in F or contain a member of F as
subgroup of index two. Suppose that there exists m ∈ Z such that
L〈−∞〉m
(
OG(EF2G, pt;A)
)
= 0
for all additive G-categories A with involution. Then the assembly map (2.2)
is an isomorphism for all m ∈ Z and all additive G-categories A.
The reason why we study the categoryOG(EFG, (Y, dY );A) not only for Y := pt
is that we need room for certain constructions. Moreover, we want to consider
simultaneously metric spaces (Yn, dn) with isometric G-action (n ∈ N). In analogy
to [BLR08b, subsection 3.4] we define the additive subcategory
OG
(
EFG, (Yn, dn)n∈N;A
)
⊆
∏
n∈N
OG
(
EFG, (Yn, dn);A
)
by requiring additional conditions on the morphisms. A morphism φ = (φ(n))n∈N
is allowed if there are R > 0 and a finite subset F ⊆ G (not depending on
n) such that φ(n)(g,x,y,t),(g′,x′,y′,t′) = 0 whenever g
−1g′ /∈ F or dn(y, y′) > R.
Note that a sequence of G-equivariant maps (fn : Yn → Y ′n)n∈N induces a functor
(fn)∗ : OG(EFG, (Yn, dn)n∈N;A) → OG(EFG, (Y ′n, d
′
n)n∈N;A) if for every r > 0
there exists R > 0 such that d′n(fn(y1), fn(y2)) < R whenever dn(y1, y2) < r.
The inclusion⊕
n∈N
OG
(
EFG, (Yn, dn);A
)
→ OG
(
EFG, (Yn, dn)n∈N;A
)
is a Karoubi filtration and we denote the quotient by OG(EFG, (Yn, dn)n∈N;A)
>⊕.
4.2. Farrell-Hsiang-Jones groups and the K-theoretic Farrell-Jones Con-
jecture. This subsection is dedicated to the proof of
Proposition 4.9. Let G be a FHJ group with respect to a family F of subgroups.
Suppose that F is virtually closed, i.e., K < H < G with K ∈ F and [H : K] <∞
implies H ∈ F . Then G satisfies the K-theoretic Farrell-Jones Conjecture with
respect to F .
Proof. We fix a finite symmetric generating subset S ⊆ G which contains the trivial
element e ∈ G. We denote by dG the word metric with respect to S \ {e}. Since G
is a FHJ group with respect to F , there exist a natural number N and surjective
homomorphisms αn : G→ Fn (n ∈ N) with Fn a finite group such that the following
condition is satisfied. For any hyper-elementary subgroup H of Fn there exist
• a compact, contractible, controlled N -dominated metric space Xn,H ,
• a strong homotopy G-action Ψn,H on Xn,H ,
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• a positive real number Λn,H ,
• a simplicial complexEn,H of dimension at mostN with a simplicial α−1n (H)-
action whose stabilizers belong to F ,
• and an α−1n (H)-equivariant map fn,H : G×Xn,H → En,H
such that
n · d1En,H
(
fn,H(g, x), fn,H(h, y)
)
≤ dΨn,H ,Sn,n,Λn,H
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ G×Xn with h
−1g ∈ Sn.
We denote by Hn the family of hyper-elementary subgroups of Fn. We set
Sn :=
∐
H∈Hn
G ×α−1n (H) G, Yn :=
∐
H∈Hn
G ×α−1n (H) G × Xn,H , and Σn :=∐
H∈Hn
G×α−1n (H) En,H . We will use the quasi-metrics on Sn and Yn given by
dSn
(
(g, h)H , (g
′, h′)H′
)
:= dG(gh, g
′h′),
dYn
(
(g, h, x)H , (g
′, h′, x′)H′
)
:= dΨn,H ,Sn,n,Λn,H ((gh, x), (g
′h′, x′)),
if H = H ′, gH = g′H ′, and (g′h′)−1(gh) ∈ Sn. Otherwise, we set
dSn((g, h)H , (g
′, h′)H′ ) :=∞ and dYn((g, h, x)H , (g
′, h′, x′)H′ ) :=∞.
We define the map
fn :=
∐
H∈Hn
idG ×α−1n (H) fn,H : Yn → Σn.
Note that n · d1Σn(fn(x), fn(y)) ≤ dYn(x, y) for all x, y ∈ Yn.
By Proposition 4.8 it suffices to show
Km
(
OG(EFG, pt;A)
)
= 0
for all m ≥ 1. This is a direct consequence of the following commuting diagram
Km
(
OG(EFG, pt;A)
)
 _
diag∗

Km
(
OG(EFG, (Sn, dSn)n∈N;A)
)>⊕
pr∗
ss❢❢❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
❢
trans∗

Km
(
OG(EFG, (pt)n∈N;A)
>⊕
)
=

Km
(
OG(EFG, (Yn, dYn)n∈N;A)
>⊕
)pr∗
oo
(fn)∗

Km
(
OG(EFG, (pt)n∈N;A)>⊕
)
Km
(
OG(EFG, (Σn, n · d1)n∈N;A)>⊕
)
= 0.
pr∗
oo
and the property that for every x ∈ Km(OG(EFG, pt;A)) there exists an element
y ∈ Km(OG(EFG, (Sn, dSn)n∈N;A)
>⊕) with pr∗(y) = diag∗(x).
Here are some explanations concerning the diagram above: The maps pr∗ are
induced by the projections pr : Sn → pt resp. pr : Yn → pt resp. pr : Σn → pt. The
map diag∗ : Km(O
G(EFG, pt;A)) → Km(OG(EFG, (pt)n∈N;A)>⊕) is induced by
the diagonal map. It remains to show:
(1) The map diag∗ : Km(O
G(EFG, pt;A))→ Km(O
G(EFG, (pt)n∈N;A)
>⊕) is
injective.
(2) There exists a map
trans∗ : Km(O
G(EFG, (Sn, dSn)n∈N;A))→ Km(O
G(EFG, (Yn, dYn)n∈N;A)
>⊕)
with pr∗ ◦ trans∗ = pr∗.
(3) Km(OG(EFG, (Σn, n · d1)n∈N;A)>⊕) = 0.
(4) For every x ∈ Km(OG(EFG, pt;A)) there exists y ∈ Km(OG(EFG, (Sn, dSn)n∈N;A)
>⊕)
with pr∗(y) = diag∗(x).
Let us prove the statements above:
(1) For the injectivity of the map diag∗ we refer to [Weg12, page 789].
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(2) The map
trans∗ : Km(O
G(EFG, (Sn, dSn)n∈N;A))→ Km(O
G(EFG, (Yn, dYn)n∈N;A)
>⊕)
is a slight modification of the map trans∗ defined in [Weg12, section 7].
We have to modify the definition of the objects (A(n) ⊗ C∗(n, α))n∈N and
(A(n)⊗D∗(n, α))n∈N, where (A(n))n∈N is an object inOG(EFG, (Sn, dSn)n∈N;A):(
A(n)⊗ Ck(n, α)
)
(g,e,(g1,g2,x),t)
:= A(g,e,(g1,g2),t) ⊗ Ck(n, α)(g1g2,x),(
A(n)⊗Dk(n, α)
)
(g,e,(g1,g2,x),t)
:= A(g,e,(g1,g2),t) ⊗Dk(n, α)(g1g2,x).
The maps (φ(n)⊗m(n, α))n∈N are given by(
φ(n) ⊗m(n, α)
)
(g,e,(g1,g2,x),t),(g′,e′,(g′1,g
′
2,x
′),t′)
=
φ(n)(g,e,(g1,g2),t),(g′,e′,(g′1,g′2),t′) ⊗m(g1g2)−1(g′1g′2)(n, α)(g1g2,x),(g′1g′2,x′).
The proof follows as in [Weg12, section 7].
(3) The equationKm(OG(EFG, (Σn, n·d1)n∈N;A)>⊕) = 0 is proved in [BLR08b,
Theorem 7.2].
(4) This is a direct consequence of [BL12c, Theorem 6.5]. Unfortunately,
the notation slightly differs. Our category OG(EFG, pt;A) coincides with
the category OG(E,G, dG) in [BL12c]. The category OG(E, (Sn, dSn) in
[BL12c] is a full subcategory of our category OG(EFG, (Sn, d′Sn)n∈N;A)
with a modified quasi-metric d′Sn . This quasi-metric is defined by
d′Sn((g, h)H , (g
′, h′)H′ ) :=
{
dG(gh, g
′h′) if H = H ′ and gH = g′H ′,
∞ otherwise.
The inclusion of the subcategory is induced by the map
EFG× Sn → G× EFG× Sn, (e, (g1, g2)) 7→ ((g1g2, e, (g1, g2)).
Note that the two quotient categories OG(EFG, (Sn, dSn)n∈N;A)
>⊕ and
OG(EFG, (Sn, d′Sn)n∈N;A)
>⊕ coincide.
This finishes the proof of Proposition 4.9. 
4.3. Farrell-Hsiang-Jones groups and the L-theoretic Farrell-Jones Con-
jecture. This subsection is dedicated to the proof of
Proposition 4.10. Let G be a FHJ group with respect to a family F of subgroups.
Suppose that F is virtually closed, i.e., K < H < G with K ∈ F and [H : K] <∞
implies H ∈ F . Then G satisfies the L-theoretic Farrell-Jones Conjecture with
respect to F .
We begin this subsection with some preliminaries for the proof of Proposi-
tion 4.10. Let A be an additive G-category with involution I. For a chain complex
C over A we write C−∗ for the chain complex over A with (C−∗)n := I(C−n) and
differential (−1)nI(c−n+1), where cn : Cn → Cn−1 denotes the n-th differential of
C. For a map f : C → D of degree k the induced map f−∗ : D−∗ → C−∗ is given
by (f−∗)n := (−1)nkI(f−n) : (D−∗)n → (C−∗)n+k.
Definition 4.11 (0-dimensional ultra-quadratic Poincare´ complex). A 0-dimensional
ultra-quadratic Poincare´ complex (C,ψ) over A is a finite-dimensional chain com-
plex C overA together with a chain map ψ : C−∗ → C of degree 0 such that ψ+ψ−∗
is a chain homotopy equivalence. If (C,ψ) is concentrated in degree 0 then it is a
quadratic form over A.
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Proof of Proposition 4.10. By Proposition 4.8 it suffices to show
L
〈−∞〉
0
(
OG(EFG, pt;A)
)
= 0.
Let a ∈ L
〈−∞〉
0 (O
G(EFG, pt;A)). Because of Proposition 4.9 and the fact that
OG(EFG, pt;A) is the cofiber of the assembly map (compare [BLR08b, section
3.3]) we have Km(OG(EFG, pt;A)) = 0 for all m ∈ Z. This implies that the
natural map
L
〈1〉
0 (O
G(EFG, pt;A))→ L
〈−∞〉
0 (O
G(EFG, pt;A))
is an isomorphism (see [Ran92, Theorem 17.2 on page 146]). Let a′ be the preimage
of a. We pick a quadratic form (M,α) over the category OG(EFG, pt;A) such that
(M,α) = a′.
We fix a finite symmetric generating subset S ⊆ G which contains the trivial
element e ∈ G. We denote by dG the word metric with respect to S \ {e}. Since G
is a FHJ group with respect to F , there exist a natural number N and surjective
homomorphisms αn : G→ Fn (n ∈ N) with Fn a finite group such that the following
condition is satisfied. For any hyper-elementary subgroup H of Fn there exist
• a compact, contractible, controlled N -dominated metric space Xn,H ,
• a strong homotopy G-action Ψn,H on Xn,H ,
• a positive real number Λn,H ,
• a simplicial complexEn,H of dimension at mostN with a simplicial α−1n (H)-
action whose stabilizers belong to F ,
• and an α−1n (H)-equivariant map fn,H : G×Xn,H → En,H
such that
n · d1En,H
(
fn,H(g, x), fn,H(h, y)
)
≤ dΨn,H ,Sn,n,Λn,H
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ G×Xn with h−1g ∈ Sn.
We denote by Hn the family of hyper-elementary subgroups of Fn. We define
Sn :=
∐
H∈Hn
G×α−1n (H) G with the quasi metric
dSn
(
(g, h)H , (g
′, h′)H′
)
:= dG(gh, g
′h′)
ifH = H ′, gH = g′H ′, and (g′h′)−1(gh) ∈ Sn. Otherwise, we set dSn((g, h)H , (g
′, h′)H′ ) :=
∞.
By [BL12c, Proposition 6.4] there are functors of additive categories with invo-
lutions
G+n = (G
+
n , E
+
n ), G
−
n = (G
−
n , E
−
n ) : O
G(EFG, pt;A)→ O
G(EFG, (Sn, dSn);A)
with the following properties:
• The functors G+n and G
−
n give rise to functors
G+ = (G+n )n∈N, G
− = (G−n )n∈N : O
G(EFG, pt;A)→ O
G(EFG, (Sn, dSn);A)
• For each objectM ∈ OG(EFG, pt;A) the isomorphisms E
+
n : G
+
n (I(M))→
I(G+n (M)) and E
−
n : G
−
n (I(M))→ I(G
−
n (M)) give rise to isomorphisms
E+ = (E+n )n∈N : G
+(I(M))→ I(G+(M)),
E− = (E−n )n∈N : G
−(I(M))→ I(G−(M)).
(Here, I denotes the involution on the respective category.)
• L
〈−∞〉
0 (prk◦G
+)−L
〈−∞〉
0 (prk◦G
−) is the identity on L
〈−∞〉
0 (O
G(EFG, pt;A)).
We obtain quadratic formsG+(M,α) := (G+(M), G+(α)◦(E+)−1) andG−(M,α) :=
(G−(M), G−(α) ◦ (E−)−1) over OG(EFG, (Sn, dSn)n∈N;A).
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We denote the space of unordered pairs of two points in a space X by P2(X),
i.e., P2(X) := X × X/ ∼, where (x, y) ∼ (y, x) for all x, y ∈ X . If X is a metric
space then we equip P2(X) with the metric
dP2(X)
(
[(x, y)], [(x′, y′)]
)
:= min
{
dX(x, x
′) + dX(y, y
′), dX(x, y
′) + dX(x
′, y)
}
.
See [BL12a, section 9] for detailed information on the space P2(X).
We define the spaces
Yn :=
∐
H∈Hn
G×α−1n (H) G×Xn,H ,
Zn :=
∐
H∈Hn
G×α−1n (H) G× P2(Xn,H),
Σn :=
∐
H∈Hn
G×α−1n (H) En,H .
We will use the quasi-metrics on Yn and Zn given by
dYn
(
(g, h, x)H , (g
′, h′, x′)H′
)
:= dΨn,H ,Sn,n,Λn,H ((gh, x), (g
′h′, x′)),
dZn
(
(g, h, x)H , (g
′, h′, x′)H′
)
:= dP2(Ψn,H),Sn,n,Λn,H ((gh, x), (g
′h′, x′)),
ifH = H ′, gH = g′H ′, and (g′h′)−1(gh) ∈ Sn. Otherwise, dYn((g, h, x)H , (g
′, h′, x′)H′ ) :=
∞ and dZn((g, h, x)H , (g
′, h′, x′)H′) :=∞. We define the maps
fn :=
∐
H∈Hn
idG ×α−1n (H) fn,H : Yn → Σn,
pn : Zn → Sn, (g, h, x)H 7→ (g, h)H ,
wn : Zn → P2(Yn), (g, h, [(x, y)])H 7→ [((g, h, x)H , (g, h, y)H)].
Let us consider the following commuting diagram, where Idem stands for the
idempotent completion.
OG(EFG, (Sn, dSn)n∈N;A) _

prk
// OG(EFG, pt;A) _

Idem
(
OG(EFG, (Sn, dSn)n∈N;A)
)
prk
// Idem
(
OG(EFG, pt;A)
)
=

Idem
(
OG(EFG, (Zn, dZn)n∈N;A)
)(pn)∗
OO
(wn)∗

prk
// Idem
(
OG(EFG, pt;A)
)
=

Idem
(
OG(EFG, (P2(Yn), dP2(Yn))n∈N;A)
)
(P2(fn))∗

prk
// Idem
(
OG(EFG, pt;A)
)
=

Idem
(
OG(EFG, (P2(Σn), n · d1P2(Σn))n∈N;A)
)
prk
// Idem
(
OG(EFG, pt;A)
)
The functor (wn)∗ is well-defined because
dP2(Yn)
(
wn(x), wn(y)
)
≤ 2 · dZn(x, y)
for all n ∈ N and x, y ∈ Zn (compare [BL12a, Lemma 9.7]). Since
n · d1En,H
(
fn,H(g, x), fn,H(h, y)
)
≤ dΨn,H ,Sn,n,Λn,H
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ G ×Xn with h−1g ∈ Sn, [BL12a, Lemma 9.4 and 9.6] imply
that the functor (P2(fn))∗ is well-defined.
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We conclude as in [BL12a, Lemma 10.3] that there exist 0-dimensional ultra-
quadratic Poincare´ complexes (C+, ψ+), (C−, ψ−) over Idem(OG(EFG, (Zn, dZn)n∈N;A))
with[
(pn)∗(C
±, ψ±)
]
=
[
(G±(M), G±(α)◦(E±)−1)
]
∈ L
〈1〉
0 (Idem
(
OG(EFG, (Sn, dSn)n∈N;A)
)
.
We conclude from [BL12a, Theorem 5.3 (ii)] that the images of [(P2(fn))∗(wn)∗(C
±, ψ±)]
under the map
L
〈−∞〉
0
(
Idem
(
OG(EFG, (P2(Σn), n · d
1
P2(Σn)
)n∈N;A)
))
→
L
〈−∞〉
0
(
Idem
(
OG(EFG, (P2(Σk), k · d
1
P2(Σk)
);A)
))
,
which is induced by the projection on the k-th factor, vanish for k sufficiently large.
For such a number k ∈ N we obtain in L
〈−∞〉
0 (Idem(O
G(EFG, pt;A))) the equation
prk
(
[(C±, ψ±)]
)
= prk
(
[P2(fn))∗(wn)∗(C
±, ψ±)]
)
= 0.
Hence,
prk
(
[G±(M,α)]
)
= prk ◦ (pn)∗
(
[(C±, ψ±)]
)
= prk
(
[(C±, ψ±)]
)
= 0.
Since
prk
(
[G+(M,α)]
)
− prk
(
[G−(M,α)]
)
= 0
is the image of a under the isomorphism
L
〈−∞〉
0
(
OG(EFG, pt;A)
)
→ L
〈−∞〉
0
(
Idem
(
OG(EFG, pt;A)
))
,
we obtain a = 0. 
5. The Farrell-Jones Conjecture for the groups Gw
In this section we investigate the groups Gw := Z[w,w
−1] ⋊·w Z, where w is a
non-zero algebraic number. We will construct overgroups (in particular, Ow⋊O×w )
and study their actions on certain spaces. We will finally show that the groups Gw
are FHJ groups (see Proposition 5.33). For the convenience of the reader we have
added a list of notation at the end of this section.
In the sequel w ∈ Q
×
will be a fixed non-zero algebraic number.
5.1. The ring Ow. Let O be the ring of integers in the algebraic number field
Q(w), i.e., O ⊂ Q(w) is the subring consisting of all elements which are integral.
Recall that an algebraic number is integral if and only if it is a root of a monic
polynomial with rational integer coefficients.
For a prime ideal p ⊂ O we denote by
Op :=
{x
y
∣∣ x, y ∈ O, y /∈ p} ⊂ Q(w)
the localization of O at p. Let vp : Q(w)× → Z be the corresponding valuation, i.e.,
xOp = pvp(x)Op. We extend the valuation vp to Q(w) by the convention vp(0) =∞.
Note that Op = {x ∈ Q(w) | vp(x) ≥ 0}.
A fractional ideal is a finitely generated O-submodule a 6= 0 of Q(w). By [Neu99,
Corollary 3.9 on page 22] every fractional ideal possesses a unique factorization
a =
∏
p p
νp with νp ∈ Z and νp = 0 for almost all prime ideals p. For a = xO with
x ∈ Q(w)× we have νp = vp(x). We conclude that
Mw :=
{
p ⊂ O prime ideal
∣∣ vp(w) 6= 0}
is a finite set. We define the ring
Ow :=
{
x ∈ Q(w)
∣∣ vp(x) ≥ 0 for all prime ideals p /∈Mw}.
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Note that O ⊆ Ow and w,w−1 ∈ Ow. The group of units in the ring Ow is given
by
O×w =
{
x ∈ Q(w)
∣∣ vp(x) = 0 for all prime ideals p /∈Mw}.
Example 5.1. For w ∈ Q we obtain Q(w) = Q, O = Z, Ow = Z[w,w−1].
Lemma 5.2. (1) The abelian group O×w is the direct product of the group O
×
of units in O and a finitely generated free abelian group.
(2) The group O× is the direct product of a finite cyclic group with a finitely
generated free abelian group.
Proof. (1) This follows from the short exact sequence
1→ O× → O×w → im
(
O×w → Z
Mw , x 7→ (vp(x))p∈Mw
)
→ 1.
(2) See Dirichlet’s unit theorem [Neu99, Theorem 7.4 on page 42].

We consider the semi-direct product Ow ⋊O
×
w , where O
×
w acts on Ow by multi-
plication. There is the inclusion
Gw := Z[w,w
−1]⋊·w Z →֒ Ow ⋊O
×
w , (x, y) 7→ (x,w
y).
Lemma 5.3. The groups Gw and Ow ⋊O×w are finitely generated.
Proof. The group Gw is generated by (1, 0) and (0, 1).
By [Neu99, Proposition 2.10 on page 13], O is a free Z-module of rank deg(w) :=
dimQ(Q(w)). By Lemma 5.2, O×w is finitely generated. We fix finite generating sets
S resp. S′ for O resp. O×w . We will show that S×S
′ is a generating set for Ow⋊O×w .
Let (x, y) ∈ Ow ⋊O
×
w . Let np ∈ N (p ∈ Mw) such that np + vp(x) ≥ 0 and p
np is
a principal ideal. Such a number np exists, since the ideal class group is finite (see
[Neu99, Theorem 6.3 on page 36]). For p ∈ Mw let ap ∈ O with apO = pnp . We
set a :=
∏
p∈Mw
ap ∈ O×w . Then a · x ∈ O. Hence,
(x, y) = (0, a−1)(ax, 0)(0, ay)
is generated by S × S′. 
Definition 5.4 (Rnw ). We fix a Z-basis e1, . . . , enw for the finitely generated free
abelian subgroup of O× < O×w mentioned in Lemma 5.2 (2). In the sequel we will
denote this subgroup by Znw (where nw is the rank of O×).
We fix a projection αw : O×w → Z
nw . Consider the semi-direct product Q(w) ⋊
O×w , where O
×
w acts on Q(w) by multiplication. We define an action of Q(w)⋊O
×
w
on Rnw by (x, y)z := αw(y) + z (x ∈ Q(w), y ∈ O×w , z ∈ R
nw ).
5.2. The tree T(vp). There is a tree associated to the valuation vp. We shortly
explain the construction. For details we refer to Serre’s book on trees [Ser03,
Chapter II, §1]. We consider the (right) Q(w)-vector space Q(w)⊕Q(w). A lattice
of Q(w)⊕Q(w) is a finitely generated (right) Op-submodule of Q(w)⊕Q(w) which
generates the Q(w)-vector space. Such a module is free of rank 2. We call two
lattices L1, L2 equivalent if and only if L1 = L2 · x for some x ∈ Q(w)×. The
vertices of the graph T (vp) are the lattice classes. We fix an element πp ∈ Q(w)
with vp(πp) = 1. The distance between two classes [L1] and [L2] is defined as
follows. There exist an Op-basis (e1, e2) for L1 and integers a1, a2 ∈ Z such that
(e1π
a1
p , e2π
a2
p ) is an Op-basis for L2. The distance is defined by d([L1], [L2]) :=
|a1 − a2|. The vertices [L1], [L2] in the graph T (vp) are adjacent if and only if
d([L1], [L2]) = 1. See [Ser03, Theorem 1 on page 70] for a proof that the graph
T (vp) is a tree. More precisely, T (vp) is an infinite regular (n+1)-valent tree, where
n denotes the order of the finite field Op/πpOp ∼= O/p (compare [Ser03, paragraph
”Projective lines” on page 72]).
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Note that the group Gl2(Q(w)) acts (isometrically) on the tree T (vp). We con-
sider the semi-direct product Q(w) ⋊ Q(w)×, where Q(w)× acts on Q(w) by mul-
tiplication. Using the homomorphism
Q(w)⋊Q(w)× → Gl2(Q(w)), (x, y) 7→
(
y x
0 1
)
,
we obtain an action of Q(w) ⋊Q(w)× on the tree T (vp).
We define the Busemann function fp : T (vp)→ R by
fp(p) := lim
n→∞
n− d
(
p, [Lp(n)]
)
with Lp(n) := π
−n
p Op ⊕ Op ⊂ Q(w) ⊕ Q(w). Note that fp([Lp(n)]) = n. If the
point p does not lie on the line through the vertices Lp(n) (n ∈ Z) then fp(p) =
m− d(p, [Lp(m)]) with [Lp(m)] the closest vertex in the line from p.
Lemma 5.5. For (x, y) ∈ Q(w)⋊Q(w)× and p ∈ T (vp) we have
fp
(
(x, y) · p
)
= fp(p)− vp(y).
Proof. We have
fp
(
(x, y) · p
)
= lim
n→∞
n− d
(
(x, y) · p, [Lp(n)]
)
= lim
n→∞
n− d
(
p, (x, y)−1 · [Lp(n)]
)
with
(x, y)−1 · [Lp(n)] =
[( y−1 −x
0 1
)
Lp(n)
]
.
The lattice
(
y−1 −x
0 1
)
Lp(n) is the Op-module generated by
(
y−1 · π−np
0
)
and
(
−x
1
)
. There exists a unit s ∈ O×p such that y
−1 · π−np = s · π
−n−vp(y)
p .
Hence, if vp(x) ≥ −n− vp(y) then(
y−1 −x
0 1
)
Lp(n) = Lp(n+ vp(y)).
We conclude
fp
(
(x, y) · p
)
= lim
n→∞
n− d
(
p, (x, y)−1 · [Lp(n)]
)
= lim
n→∞
n− d
(
p, [Lp(n+ vp(y))]
)
= lim
m→∞
(m− vp(y))− d
(
p, [Lp(m)]
)
= fp
(
p
)
− vp(y).

Lemma 5.6. Let L be a lattice in Q(w)⊕Q(w). We denote by z1(L), z2(L) ∈ Z the
elements satisfying L∩(Q(w)⊕0) = π
z1(L)
p Op⊕0 and L∩(0⊕Q(w)) = 0⊕π
z2(L)
p Op.
Let (x, y) ∈ Q(w) ⋊ Q(w)× with (x, y)[L] = [L]. Then vp(x) ≥ z1(L) − z2(L) and
vp(y) = 0.
Proof. Lemma 5.5 implies vp(y) = 0. We conclude (x, y)L = L because
((x, y)L) ∩ (Q(w) ⊕ 0) = (x, y)
(
L ∩ (Q(w)⊕ 0)
)
= (x, y)
(
π
z1(L)
p Op ⊕ 0
)
=
= yπ
z1(L)
p Op ⊕ 0 = π
z1(L)
p Op ⊕ 0 = L ∩ (Q(w) ⊕ 0).
Since (
xπ
z2(L)
p
π
z2(L)
p
)
=
(
y x
0 1
)(
0
π
z2(L)
p
)
∈ (x, y)L = L,
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we have (xπ
z2(L)
p , 0) ∈ L and hence vp(x) + z2(L) ≥ z1(L). 
Lemma 5.7. Let L be a lattice in Q(w) ⊕ Q(w). We denote by z1(L) ∈ Z the
element satisfying L ∩ (Q(w) ⊕ 0) = π
z1(L)
p Op ⊕ 0. We set
z′2(L) := min
{
vp(b)
∣∣ (a, b) ∈ L}.
Let x ∈ Q(w) with vp(x) ≥ z1(L)− z′2(L). Then (x, 1)L = L.
Proof. Let (a, b) ∈ L. Then (xb, 0) ∈ L because vp(xb) = vp(x) + vp(b) ≥ z1(L).
Hence, (a + xb, b) ∈ L. This shows that (x, 1)L ⊆ L. Analogously, we conclude
(x, 1)−1L = (−x, 1)L ⊆ L. Therefore, (x, 1)L = L. 
5.3. The Minkowski space Q(w)R. There are deg(w) embeddings τ : Q(w) →֒ C,
where deg(w) := dimQ(Q(w)) denotes the degree of w. We consider the map
j : Q(w)→ Q(w)C :=
∏
τ
C, x 7→ (τ(x))τ .
The Minkowski space Q(w)R is defined as the subset
Q(w)R :=
{
(zτ )τ ∈
∏
τ
C
∣∣ zτ = zτ for all τ} ⊂ Q(w)C.
This is a real vector space of dimension n. Note that the image of the map j is con-
tained in Q(w)R. The C-vector space Q(w)C is equipped with the hermitian scalar
product 〈x, y〉 =
∑
τ xτyτ . We obtain a scalar product on Q(w)R by restriction.
We define an equivalence relation on the embeddings τ : Q(w) →֒ C by τ ∼ τ ′ if
τ ′ ∈ {τ, τ}. We decompose Q(w)C =
⊕
[τ ]Q(w)C,[τ ] with
Q(w)C,[τ ] :=
∏
τ ′∈[τ ]
C ⊆
∏
τ ′
C = Q(w)C
and Q(w)R =
∏
[τ ]Q(w)R,[τ ] with
Q(w)R,[τ ] = Q(w)C,[τ ] ∩Q(w)R.
The group Q(w)⋊Q(w)× acts on Q(w)C and Q(w)R by
(x, y) · (zτ )τ :=
(
τ(y) · zτ + τ(x)
)
τ
.
We obtain actions of Q(w)⋊Q(w)× on Q(w)C,[τ ] respectively Q(w)R,[τ ] by restric-
tion.
By [Neu99, Proposition 5.2 on page 31 and Definition 4.1 on page 24] there
exists for every ideal a 6= 0 in O a basis v1, . . . , vdeg(w) ∈ Q(w)R such that j(a) =
Zv1 + . . . + Zvdeg(w). A fundamental domain for the free action of the group a =
a⋊ {1} < Q(w)⋊Q(w)× on Q(w)R is{
r1v1 + . . .+ rdeg(w)vdeg(w)
∣∣ ri ∈ R, 0 ≤ ri < 1}.
We conclude
Lemma 5.8. Let a 6= 0 be an ideal in O. The additive group a acts freely, properly,
and cocompactly on Q(w)R.
For more information on the Minkowski spaceQ(w)R we refer to [Neu99, Chapter
1, §5].
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5.4. The metric spaces Xw and Yw. We define Xw := R
nw ×
∏
p∈Mw
T (vp).
Recall that nw is the rank of O× (see Definition 5.4), T (vp) is the tree defined in
subsection 5.2. Note that Xw is a finite-dimensional proper CAT(0)-space, since
each factor has this property. We will need the spaceXw for the proof thatOw⋊·wZ
is a FHJ group. Consider the semi-direct product Q(w) ⋊ O×w , where O
×
w acts on
Q(w) by multiplication. The group Q(w)⋊O×w acts diagonally on Xw. This action
is isometric because it is isometric on each factor.
We are also interested in the space Xw ×Q(w)R, where Q(w)R is the Minkowski
space (see subsection 5.3). For (x, y) ∈ Q(w) ⋊ O×w and zτ , z
′
τ ∈ C ⊂ Q(w)C we
calculate∣∣(x, y) · zτ − (x, y) · z′τ ∣∣ = ∣∣(τ(y) · zτ + τ(x))− (τ(y) · z′τ + τ(x))∣∣ = |τ(y)| · |zτ − z′τ |.
This shows that the action of Q(w)⋊O×w on Q(w)R respectively Xw×Q(w)R is not
isometric in general. Since we want an isometric action on Xw × Q(w)R, we have
to modify the metric.
Definition 5.9 (warped product M ×f N). Let (M,dM ) and (N, dN ) be length
spaces and let f : M → R>0 be a continuous function on M . The warped product
M ×f N is defined as follows. The length l(γ) of a path γ = (γM , γN ) : [0, 1] →
M ×N is defined as
l(γ) := lim
n∑
i=1
√
dM (γM (ti−1), γM (ti))2 + f(γM (ti−1))2 · dN (γN (ti−1), γN (ti))2
where the limit is taken with respect to the refinement ordering of partitions
0 = t0 < t1 < t2 < · · · < tn = 1
of the interval [0, 1]. The distance between two points x, y ∈M ×f N is given as
d(x, y) := inf{l(γ) | γ is a path from x to y.}.
(See [Che99, Proposition 3.1] for the proof that d is a metric.)
Lemma 5.10. (1) The topology of the warped product M ×f N coincides with
the product topology.
(2) If the metric spaces M and N are proper then the warped product M ×f N
is proper.
Proof. (1) Let Br(x) ⊂ M ×f N be a ball. We have to show that there exist
open subsets U ⊂ M and V ⊂ N with x ∈ U × V ⊂ Br(x). We set
U := Br/2(prM (x)) ⊂ M , m := max{f(y) | y ∈ Br/2(prM (x))}, and
V := Br/2m(prN (x)) ⊂ N . Then x ∈ U × V ⊂ Br(x).
Now, let U × V ⊂ M ×N be an open neighborhood of (y, z) with respect
to the product topology. We have to show that there exists r > 0 such
that Br(y, z) ⊂ U × V . Let rU , rV > 0 with BrU (y) ⊂ U and BrV (z) ⊂ V .
We define r := min{rU , n · rV } with n := min{f(y) | y ∈ BrU (y)}. Then
dM×fN ((y, z), (y
′, z′)) < r implies dM (y, y
′) < r ≤ rU and n · dN (z, z′) <
r ≤ n · rV . Hence, (y′, z′) ∈ BrU (y)×BrV (z) ⊂ U × V .
(2) Let Br(x) ⊂ M ×f N be a closed ball. We have to show that this ball
is compact. The space prM (Br(x)) is compact because it is contained in
the compact set Br(prM (x)). We set m := min{f(y) | y ∈ prM (Br(x))}.
Note that prN (Br(x)) is contained in Br/m(prN (x)) and hence compact.
We conclude that Br(x) ⊂ prM (Br(x)) × prN (Br(x)) is compact.

Definition 5.11 (metric space (Yw, dYw )). Since the ideal class group of O is finite
(see [Neu99, Theorem 6.3 on page 36]), there exists for every p ∈ Mw an element
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yp ∈ O such that ypO = pvp(yp). We fix such an element yp for every p ∈Mw. We
define the metric space (Yw, dYw ) as
Yw :=
{
(x[τ ], y[τ ])[τ ] ∈
∏
[τ ]
Xw ×f [τ] Q(w)R,[τ ]
∣∣x[τ ] = x[τ ′] for all τ, τ ′}
with f [τ ](r, (pp)p∈Mw) :=
∏nw
i=1 |τ(ei)|
−ri ·
∏
p∈Mw
|τ(yp)|fp(pp)/vp(yp). Here, e1, . . . , enw
denotes the Z-basis for Znw < O× < O×w (see Definition 5.4).
Lemma 5.12. The action of Q(w)⋊O×w on (Yw , dYw) is isometric.
Proof. We have to prove the equation
f [τ ]((x, y)r, ((x, y)pp)p∈Mw) · |τ(y)| = f
[τ ](r, (pp)p∈Mw )
for all (x, y) ∈ Q(w) ⋊ O×w , r ∈ R
nw and pp ∈ T (vp) (p ∈ Mw). This equation is
equivalent to
nw∏
i=1
|τ(ei)|
αw(y)i ·
∏
p∈Mw
|τ(yp)|
vp(y)/vp(yp) = |τ(y)|.
There exists a natural number l such that yl =
∏nw
i=1 e
li
i ·
∏
p∈Mw
y
lp
p for some
li, lp ∈ Z. We conclude( nw∏
i=1
|τ(ei)|
αw(y)i ·
∏
p∈Mw
|τ(yp)|
vp(y)/vp(yp)
)l
=
nw∏
i=1
|τ(ei)|
αw(y
l)i ·
∏
p∈Mw
|τ(yp)|
vp(y
l)/vp(yp) =
nw∏
i=1
|τ(ei)|
li ·
∏
p∈Mw
|τ(yp)|
lp = |τ(y)|l.
This implies
nw∏
i=1
|τ(ei)|
αw(y)i ·
∏
p∈Mw
|τ(yp)|
vp(y)/vp(yp) = |τ(y)|.

Lemma 5.13. (1) The topology of the metric space (Yw, dYw ) coincides with
the product topology of Xw ×Q(w)R.
(2) The metric space (Yw, dYw) is proper.
Proof. This follows from Lemma 5.10. 
Next, we show that the action of Ow ⋊O×w < Q(w) ⋊ O
×
w on Yw is proper and
cocompact.
Lemma 5.14. The action of Ow ⋊O×w on Yw is proper.
Proof. Let K1,K2 ⊂ Yw be a compact subsets. We will prove by contradiction that
the set
S :=
{
(x, y) ∈ Ow ⋊O
×
w
∣∣K1 ∩ (x, y)K2 6= ∅}
is finite. Assume that this set is infinite. Since
Ai(p) :=
{
[L] vertex of T (vp)
∣∣ dT (vp)([L], p) < 1 for some p ∈ prT (vp)(Ki)}
(i = 1, 2, p ∈Mw) are finite sets, there exist elements [Li(p)] ∈ Ai(p) and an infinite
subset S′ ⊂ S such that (x, y)[L2(p)] = [L1(p)] for all (x, y) ∈ S′ and p ∈ Mw. We
choose (x0, y0) ∈ S′ and set S˜ := S′(x0, y0)−1. Then (x, y)[L1(p)] = [L1(p)] for all
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(x, y) ∈ S˜ and p ∈Mw. By Lemma 5.6 we have vp(y) = 0 for all (x, y) ∈ S˜. Hence,
y ∈ O× for all (x, y) ∈ S˜. Since O× acts properly on Rnw and prRnw (Ki) ⊂ R
nw
(i = 1, 2) are compact subsets, we conclude that the set {y ∈ O× | (x, y) ∈ S˜} is
finite. Therefore, there exists y′ ∈ O× such that T := {x ∈ Ow | (x, y′) ∈ S˜} is an
infinite set. Lemma 5.6 implies that there exists z ∈ Z such that vp(x) ≥ z for all
x ∈ T and p ∈ Mw. We choose x′ ∈ O×w with vp(x
′) ≥ −z for all p ∈ Mw. Then
T ′ := Tx′ is an infinite subset of O. We define the following compact subsets of
Q(w)R: K
′
1 := prQ(w)R((0, x
′)K1), K
′
2 := prQ(w)R((0, x
′y′)(x0, y0)K2). Since
(0, x′)K1 ∩ (t, 1)(0, x
′y′)(x0, y0)K2 6= ∅,
for all t ∈ T ′, we have K ′1 ∩ tK
′
2 6= ∅. This is a contradiction because O acts
properly on Q(w)R (see Lemma 5.8). 
Lemma 5.15. The action of Ow ⋊O×w on Yw is cocompact.
Proof. We define the compact subsets
Kp := Bvp(yp)([Op ⊕Op]) ⊂ T (vp)
for p ∈Mw.
Note that (0, y)[Op ⊕ Op] = [Op ⊕ Op] for all y ∈ O×. This shows that O×
permutes the finitely many vertices in the closed ball Kp. Hence, there exist ni ∈ N
(i = 1, . . . , nw) such that Zniei ∈ Znw < O× acts trivially on Kp for every p ∈Mw.
By Lemma 5.7 there exist zp ∈ Z such that (x, 1)p = p for all p ∈ Kp and
all x ∈ Q(w) with vp(x) ≥ zp. Since the ideal a := {x ∈ O | vp(x) ≥ zp} acts
cocompactly on Q(w)R (see Lemma 5.8), there exists a compact subsetK
′ ⊂ Q(w)R
such that a ·K ′ = Q(w)R.
We consider the compact subset
K :=
∏
p∈Mw
Kp ×
nw∏
i=1
[0, ni]×K
′ ⊂ Yw.
We have to show that Ow ⋊ O
×
w · K = Yw. Since a < O ⋊ {1} acts trivially on∏
p∈Mw
Kp × Rnw , we have
aK =
∏
p∈Mw
Kp ×
nw∏
i=1
[0, ni]×Q(w)R.
Therefore, it suffices to prove the equation
Ow ⋊O
×
w ·
∏
p∈Mw
Kp ×
nw∏
i=1
[0, ni] = Xw.
Since
⊕nw
i=1 Zniei < O
× acts trivially on
∏
p∈Mw
Kp, we conclude
nw⊕
i=1
Zniei ·
∏
p∈Mw
Kp ×
nw∏
i=1
[0, ni] =
∏
p∈Mw
Kp × R
nw .
Hence, it remains to show
Ow ⋊O
×
w ·
∏
p∈Mw
Kp =
∏
p∈Mw
T (vp).
Let [Lp] ∈ T (vp) (p ∈Mw) be vertices. We will construct an element g ∈ Ow ⋊O×w
such that dT (vp)(g[Lp], [Op ⊕Op]) ≤ vp(yp)− 1.
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Let (ap, bp), (cp, dp) be an Op-basis for Lp. Without loss of generality we assume
vp(bp) ≥ vp(dp). By adding a multiple of (cp, dp) to (ap, bp) we can and will assume
that bp = 0. Let kp ∈ N such that
kpvp(yp) ≥ max{vp(dp)− vp(cp), vp(dp)− vp(a)}.
Then there exist xp ∈ Op such that∏
p′∈Mw
y
k
p′
p′ · cp + xp · dp = 0.
The elements xp represent elements
[xp] ∈ Op/p
vp(ap)−vp(dp)+kpvp(yp)Op ∼= O/p
vp(ap)−vp(dp)+kpvp(yp)
(see [Neu99, Corollary 11.2 on page 70] for the isomorphism). By applying the
Chinese Reminder Theorem
O/
∏
p∈Mw
p
vp(ap)−vp(dp)+kpvp(yp) ∼=
⊕
p∈Mw
O/pvp(ap)−vp(dp)+kpvp(yp).
we obtain an element x′ ∈ O such that
[x′] = [xp] ∈ Op/p
vp(ap)−vp(dp)+kpvp(yp)Op.
We conclude
vp
( ∏
p′∈Mw
y
kp′
p′ · cp + x
′ · dp
)
= vp(x
′ − xp) + vp(dp) ≥ vp(ap) + kpvp(yp).
We set
x˜ := x′ ·
∏
p′∈Mw
y
−k
p′
p′ ∈ Ow
and obtain vp
(
cp+ x˜ · dp
)
≥ vp(ap). This implies that (ap, 0), (0, dp) is an Op-basis
for (x˜, 1)Lp. We choose lp ∈ Z such that |lpvp(yp) + vp(ap) − vp(dp)| ≤ vp(yp)− 1
and set y :=
∏
p′∈Mw
y
lp′
p′ . We conclude
dT (vp)
(
(0, y)(x˜, 1)[Lp], [Op ⊕Op]
)
≤ vp(yp)− 1
because (yap, 0), (0, dp) is an Op-basis for (0, y)(x˜, 1)Lp and |vp(yap) − vp(dp)| ≤
vp(yp)− 1. 
Remark 5.16. For a prime number w ∈ N the metric space Yw coincides with the
metric space Td ×fd R constructed in [FW14, section 2].
5.5. The flow space FSw. In this subsection we define a flow space for Yw. It
will be used to construct convenient open covers. These open covers will be needed
to construct the simplicial complexes appearing in Definition 4.1.
Definition 5.17 (generalized geodesic). Let (X, dX) be a metric space. A contin-
uous map c : R→ X is called a generalized geodesic if there are c−, c+ ∈ R∪{±∞}
with ∞ 6= c− ≤ c+ 6= −∞ such that c restricts to an isometry on the interval
(c−, c+) and is locally constant on the complement of this interval.
Definition 5.18 (flow space FS(X)). Let (X, dX) be a metric space. The flow
space FS(X) is the set of all generalized geodesics in X . We provide FS(X) with
the metric
dFS(X)(c, d) :=
∫ ∞
−∞
dX(c(t), d(t))
2 · e|t|
dt.
We define a G-equivariant flow Φ: FS(X)× R→ FS(X) by Φτ (c)(t) := c(t+ τ)
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We refer to [BL12b, section 1] for more information on the flow space FS(X).
Analogously to [FW14, section 3] we will use the subspace
FSw := FS(Xw)×Q(w)R ⊂ FS
(
Yw
)
as flow space for Yw. (See also [Che99, Lemma 3.2].) This subspace consists of all
generalized geodesics which are constant on Q(w)R.
Lemma 5.19. The flow space FSw has the following properties:
(1) The metric space FSw is proper.
(2) The action of Ow ⋊O
×
w on FSw is isometric, proper, and cocompact.
(3) Let FSRw := {c ∈ FSw | Φt(c) = c for all t ∈ R} denote the R-fixed point
set. The space FSw − FSRw is locally connected and has finite covering
dimension.
(4) There is an upper bound for the orders of finite subgroups of Ow ⋊O×w .
Proof. (1) By [BL12b, Proposition 1.9] and Lemma 5.13 (2), FS(Yw) is a
proper metric space. Since FSw is a closed subspace of FS(Yw), the asser-
tion follows.
(2) The action of Ow⋊O×w on FSw is isometric, since this group acts isometri-
cally on Yw (see Lemma 5.12). The map FSw → Yw, c 7→ c(0) is equivariant,
continuous, and proper (see [BL12b, Lemma 1.10]). This implies that the
action of Ow ⋊ O×w on FSw is proper and cocompact because this group
acts properly and cocompactly on Yw (see Lemma 5.14 and 5.15).
(3) Note that FSw−FSRw = FS(Xw)×Q(w)R−FS(Xw)
R×Q(w)R = (FS(Xw)−
FS(Xw)
R) × Q(w)R. The statement follows because FS(Xw) − FS(Xw)R
and Q(w)R are locally connected and have finite covering dimension (see
[BL12b, Proposition 2.9 and 2.10] and Lemma 5.13.
(4) Let F < Ow ⋊O
×
w be a finite subgroup. Since Ow < Q(w) < R is torsion-
free, the composition F →֒ Ow⋊O×w ։ O
×
w is injective. It remains to show
that there is an upper bound for the orders of finite subgroups of O×w . Let
F ′ < O×w be a finite subgroup. There is a short exact sequence
1→ O× → O×w → im
(
O×w → Z
Mw , x 7→ (vp(x))p∈Mw
)
→ 1.
Since the quotient group is a subgroup of ZMw , it is torsion-free. We con-
clude F ′ < O×. Recall that O× is the direct product of a finite cyclic group
C and a free abelian group (see Lemma 5.2). This shows F ′ < C and hence
|F ′| ≤ |C|.

Proposition 5.20. There exists a natural numberM ∈ N such that for every γ > 0
there is an Ow ⋊O×w -invariant open cover V of FSw with the following properties:
(1) For g ∈ Ow ⋊O×w and V ∈ V we have gV = V or V ∩ gV = ∅.
(2) For all V ∈ V the subgroup GV := {g ∈ Ow ⋊ O×w | gV = V } is virtually
cyclic.
(3) Ow ⋊O×w \ V is finite.
(4) dim(V) ≤M .
(5) There exists ǫ > 0 such that for every c ∈ FSw with
inf
{
τ > 0
∣∣∃ g ∈ Ow ⋊O×w with Φτ (c) = gc} ≤ γ
there is V ∈ V satisfying
Bǫ
({
Φt(c)
∣∣ t ∈ [−γ, γ]}) ⊆ V.
Proof. This is a modification of [BL12b, Theorem 4.2]. We explain the main adap-
tations. We abbreviate G := Ow ⋊ O×w . For g ∈ G the displacement function
dg : Xw → R≥0 is defined by dg(x) := dXw(gx, x). The translation length of g ∈ G
THE FARRELL-JONES CONJECTURE FOR VIRTUALLY SOLVABLE GROUPS 31
is the number l(g) := inf{dg(x) | x ∈ Xw}. An element g ∈ G is called hyperbolic
if dg attains a strictly positive minimum. By [BH99, II.6.8 (1) on page 231], an
element g is hyperbolic if and only if there exists c ∈ FS(Xw) and τ > 0 with
gc = Φτ (c); in this case τ = l(g). Note that g is hyperbolic if and only if there
exists d ∈ FSw with gd = Φl(g)(d) (define d := (c, j(
g1
1−g2
))).
Analogously to [BL12b, Notation 4.5], we denote by Ghyp≤γ ⊂ G the set of all
hyperbolic elements g of translation length l(g) ≤ γ. We define an equivalence
relation on Ghyp≤γ by g ∼ g
′ if and only if there exists cg, cg′ ∈ FS(Xw) with
gcg = Φl(g)(cg) and g
′cg′ = Φl(g′)(cg′) such that dXw (cg(t), cg′(t)) is constant in
t. Note that we obtain the same equivalence relation if we replace FS(Xw) by
FSw. We set A≤γ := G
hyp
≤γ / ∼. The conjugation action of G on G
hyp
≤γ descends
to an action on A≤γ . For a ∈ A≤γ we set Ga := {g ∈ Ow ⋊ O
×
w | ga = a} and
denote by FSa ⊂ FSw the subspace that consists of all geodesics c ∈ FSw with
gcg = Φl(g)(cg) for some g ∈ a. Let Ya := FSa/Φ be the quotient of FSa by the
action of the flow.
We proceed as in [BL12b, subsection 4.2] and obtain analogously to [BL12b,
Proposition 4.13]: For every γ > 0 and a ∈ A≤γ there is a Ga-invariant open cover
Va of Ya such that following conditions are satisfied:
• For g ∈ G and V ∈ Va we have gV = V or V ∩ gV = ∅.
• For all V ∈ Va the subgroup GV := {g ∈ G | gV = V } is virtually cyclic.
• G \ Va is finite.
• dim(Va) ≤ dim(Yw).
We conclude as in the proof of [BL12b, Lemma 4.15] that there is ǫR > 0 and a
G-invariant collection VR of open subsets of FSw with the following properties:
• For every constant geodesic c ∈ FSw there exists V ∈ VR such that BǫR(c) ⊆
V .
• For g ∈ G and V ∈ VR we have gV = V or V ∩ gV = ∅.
• For all V ∈ VR the subgroup GV := {g ∈ G | gV = V } is finite.
• G \ VR is finite.
• dim(VR) <∞.
Now, the statement follows as in [BL12b, proof of Theorem 4.2 on page 1380ff.]
using [BL12b, Lemma 4.14]. 
Proposition 5.21. There exists a natural number N such that for every α > 0
there is an Ow ⋊O×w -invariant open cover U of FSw with the following properties:
(1) For all U ∈ U the subgroup GU := {g ∈ Ow ⋊ O×w | gU = U} is virtually
cyclic.
(2) G \ U is finite.
(3) We have dim(U) ≤ N .
(4) There exists ǫ > 0 such that for every c ∈ FSw there is U ∈ U satisfying
Bǫ
({
Φt(c)
∣∣ t ∈ [−α, α]}) ⊆ U.
Proof. This follows from [BL12b, Theorem 5.7 and Lemma 5.8]. Note that [BL12b,
Convention 5.1] is satisfied (see Lemma 5.19). Proposition 5.20 implies that FSw
admits long Vcyc-covers at infinity and periodic flow lines (see [BL12b, Defini-
tion 5.5]), where Vcyc denotes the family of virtually cyclic subgroups of Ow ⋊
O×w . 
Definition 5.22 (strong homotopy action ΨR on XRw ). We fix a base point x0 in
the CAT(0)-space Xw. For R > 0 we denote by X
R
w ⊂ Xw the closed ball of radius
R around the base point. By [BL12b, Lemma 6.2], XRw is a compact, contractible,
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controlled (2 ·dim(Xw)+1)-dominated metric space. We define a strong homotopy
action
ΨR :
∞∐
j=0
(
(G× [0, 1])j ×G×XRw
)
→ XRw
as follows. For x, y ∈ Xw we denote by cx,y the generalized geodesic satisfying
(cx,y)− = 0, cx,y(−∞) = x and cx,y(∞) = y. We consider the deformation re-
traction HR : Xw × [0, 1] → Xw on the ball XRw by projecting along geodesics,
i.e.,
HR(x, t) := cx,y0
(
(dXw (x, y0)−R) · (1− t)
)
.
Note that HRt ◦H
R
t′ = H
R
t·t′ . We define Ψ
R as the strong homotopy action associated
to HR (see Example 2.8 (2)).
Definition 5.23 (µβ , ι, jβ , κβ,z). For β ∈ Q× we define the group automorphism
µβ : Q(w)⋊O
×
w → Q(w)⋊O
×
w , (g1, g2) 7→ (β · g1, g2).
We define the maps
ι : Q(w)⋊O×w ×X
R
w → FS(Xw), (g, x) 7→ cgx0,gx,
jβ : Q(w)⋊O×w ×X
R
w → FSw, (g, x) 7→
(
cµβ(g)x0,µβ(g)x, µβ(g) · 0
)
,
κβ,z : Q(w)⋊O×w ×X
R
w → FSw, (g, x) 7→
(
cgx0,gx, µβ(g) · 0 + z
)
,
where β ∈ Q and z ∈ Q(w)R.
Note that µβ(g) · 0 = j(β · g1) = β · j(g1). (See subsection 5.3 for the definition
of the Q-linear map j : Q(w)→ Q(w)R.)
Lemma 5.24. Let S ⊆ Ow⋊O×w be a finite symmetric subset containing the trivial
element. For every k, n ∈ N there exists α > 0 with the following property: For
all ǫ > 0 there are R, T > 0 such that for every (g, x) ∈ Ow ⋊ O×w × X
R
w and
(h, y) ∈ SnΨR,S,k(g, x) there is τ ∈ [−α, α] with
dFS(Xw)
(
ΦT ◦ ι(g, x),ΦT+τ ◦ ι(h, y)
)
≤ ǫ.
Proof. See the proof of [Weg12, Lemma 3.5]. 
Lemma 5.25. Let S ⊆ Ow⋊O×w be a finite symmetric subset containing the trivial
element. Let k, n be natural numbers and R, T > 0 positive real numbers. Let
K ⊂ Q(w)R be a compact subset. Let U be a finite-dimensional Ow ⋊O
×
w -invariant
open cover of FSw such that for all x ∈ XRw and z ∈ K there exists U ∈ U with
κ0,z
(
SnΨR,S,k(e, x)
)
⊆ U.
Then there are positive real numbers Λ, B > 0 with the property that for all x ∈ XRw
and z ∈ K there exists U ∈ U such that κβ,z(h, y) ∈ U for all 0 ≤ β ≤ B and all
(h, y) with dΨR,S,k,Λ((e, x), (h, y)) < n.
Proof. We proceed by contradiction. Assume that Λ, B > 0 with the desired prop-
erties do not exist. Then there exist
• a monotone increasing sequence (Λm)m∈N with limm→∞ Λm =∞,
• a monotone decreasing sequence (βm)m∈N with limm→∞ βm = 0,
• a sequence (xm)m∈N ⊂ XRw ,
• a sequence (zm)m∈N ⊂ K,
• for every U ∈ U a sequence (hUm, y
U
m)m∈N ⊂ Ow ⋊O
×
w ×X
R
w ,
such that κβm,zm(h
U
m, y
U
m) /∈ U and dΨR,S,k,Λm((e, xm), (h
U
m, y
U
m)) < n. Since X
R
w
and K are compact, we can arrange by passing to subsequences that limm→∞ xm =
x and limm→∞ zm = z. We set Ux,z := {U ∈ U | κ0,z(e, x) ∈ U}. Since hUm lies in
the finite set S2n, yUm lies in the compact set X
R
w , and Ux,z is finite, we can also
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arrange by passing to subsequences that for every U ∈ Ux,z we have hUm = h
U for
all m ∈ N and limm→∞ y
U
m = y
U .
We will use the abbreviation dm for dΨR,S,k,Λm . For U ∈ Ux,z and m ≤ m
′ we
conclude (since Λm ≤ Λm′)
dm
(
(e, x), (hU , yU )
)
≤ dm
(
(e, x), (e, xm′ )
)
+ dm
(
(e, xm′), (h
U , yUm′)
)
+ dm
(
(hU , yUm′), (h
U , yU )
)
≤ dm
(
(e, x), (e, xm′ )
)
+ dm′
(
(e, xm′), (h
U , yUm′)
)
+ dm
(
(hU , yUm′), (h
U , yU )
)
≤ dm
(
(e, x), (e, xm′ )
)
+ n+ dm
(
(hU , yUm′), (h
U , yU )
)
.
Lemma 2.10 (3) implies
lim
m′→∞
dm
(
(e, x), (e, xm′)
)
= 0 and lim
m′→∞
dm
(
(hU , yUm′), (h
U , yU )
)
= 0.
Therefore, dΨR,S,k,Λm
(
(e, x), (hU , yU )
)
≤ n for all m ∈ N and U ∈ Ux,z. By
Lemma 2.10 (2) we have (hU , yU ) ∈ SnΨR,S,k(e, x) for all U ∈ Ux,z. Hence, by
assumption there exists U0 ∈ Ux,z with κ0,z(hU , yU ) ∈ U0 for all U ∈ Ux,z. In
particular, κ0,z(h
U0 , yU0) ∈ U0. Since κβm,zm(h
U0 , yU0m ) /∈ U0, we obtain the desired
contradiction:
κ0,z(h
U0 , yU0) =
(
ι(hU0 , yU0), z
)
= lim
m→∞
(
ι(hU0 , yU0m ), βm · j(h
U0) + zm
)
=
= lim
m→∞
κβm,zm(h
U0 , yU0m ) ∈ FSw − U0.
(Note that FSw − U0 is closed.) 
Proposition 5.26. There exists a natural number N with the following property.
Let S ⊆ Ow ⋊ O×w be a finite symmetric subset which generates Ow ⋊ O
×
w and
contains the trivial element. Let k ∈ N. Let q be a natural number such that q /∈ p
for all p ∈ Mw. Then there are positive real numbers R,Λ, a natural number M ,
and for every positive multiple m of M
• a simplicial complex Σ of dimension at most N with a simplicial qmOw ⋊
O×w -action whose stabilizers are virtually cyclic and
• a qmOw ⋊O×w -equivariant map f : Ow ⋊O
×
w ×X
R
w → Σ
such that
k · d1Σ
(
f(g, x), f(h, y)
)
≤ dΨR,S,k,Λ
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ Ow ⋊O×w ×X
R
w .
Proof. Let N be the natural number appearing in Proposition 5.21. Let S ⊆
Ow⋊O×w and k, q ∈ N be given. We set n := 4Nk and pick α > 0 as in Lemma 5.24.
By Proposition 5.21 there is an Ow⋊O×w -invariant open cover U of FSw and ǫ > 0
with the following properties:
(1) For all U ∈ U the subgroup {g ∈ Ow ⋊O×w | gU = U} is virtually cyclic.
(2) Ow ⋊O
×
w \ U is finite.
(3) dim(U) ≤ N .
(4) For every c ∈ FSw there is U ∈ U satisfying
Bǫ
({
Φt(c)
∣∣ t ∈ [−α, α]}) ⊆ U.
We choose R, T > 0 as in Lemma 5.24.
Note that the sets
K ′ :=
{
(h, y) ∈ Ow ⋊O
×
w ×X
R
w
∣∣ dΨR,S,k,Λ((e, x), (h, y)) ≤ n for some x ∈ XRw}
and K ′′ := {hx0, hy ∈ Xw | (h, y) ∈ K ′} are compact. Hence, there are only finitely
many vertices [L] ∈ T (vp) with dT (vp)([L], prT (vp)(K
′′)) < 1. By Lemma 5.7 there
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exist zp ∈ Z such that (a, 1)p = p for all p ∈ prT (vp)(K
′′) and all a ∈ Q(w) with
vp(a) ≥ zp. Then the ideal
a :=
{
a ∈ Ow
∣∣ vp(a) ≥ max{zp, 0} for all p ∈Mw} ⊆ O
has the property that (a, 1)x = x for all a ∈ a and x ∈ K ′′. Since the ideal a acts
cocompactly on Q(w)R (see Lemma 5.8), there exists a compact subset K ⊂ Q(w)R
such that a ·K = Q(w)R.
By Lemma 5.24 there exists for every x ∈ XRw , z ∈ K, and (h, y) ∈ S
n
ΨR,S,k(e, x)
an element τ ∈ [−α, α] such that
dFSw
(
ΦT ◦κ0,z(e, x),ΦT+τ ◦ κ0,z(h, y)
)
= dFS(Xw)
(
ΦT ◦ ι(e, x),ΦT+τ ◦ ι(h, y)
)
≤ ǫ.
Recall that for every c ∈ FSw there is U ∈ U satisfying
Bǫ
({
Φt(c)
∣∣ t ∈ [−α, α]}) ⊆ U.
Hence, for every x ∈ XRw and z ∈ K there exists U ∈ U with
ΦT ◦ κ0,z
(
SnΨR,S,k(e, x)
)
⊆ U.
We apply Lemma 5.25 and fix Λ, B > 0 with the property that for all x ∈ XRw and
z ∈ K there exists V ∈ Φ−1T (U) such that κβ,z(h, y) ∈ V for all 0 ≤ β ≤ B and
all (h, y) with dΨR,S,k,Λ((e, x), (h, y)) ≤ n. We can generalize this statement to all
z ∈ Q(w)R by the following argument: We can write z = z′ + j(a) with a ∈ a and
z′ ∈ K. Then κβ,z′(h, y) ∈ V implies κβ,z(h, y) ∈ (a, 1)V .
We choose the natural number M ∈ N such that q−M ≤ B and
vp(q
M − 1) ≥ max{zp, 0} − vp(h1) + vp(h2)
for all h ∈ prOw⋊O×w (K
′) and p ∈Mw. Let m be a positive multiple of M .
Let Σ := |V| be the realization of the nerve of V := (ΦT ◦ jq−m)
−1(U) and let f
be the map induced by V , i.e.,
f : Ow ⋊O
×
w ×X
R
w → |V|, (g, x) 7→
∑
V ∈V
aV (g, x)
s(g, x)
V
with aV (g, x) := inf{dΨR,S,k,Λ((g, x), (h, y)) | (h, y) /∈ V } and s(g, x) :=
∑
V aV (g, x).
We define a qmOw ⋊O×w -action on FSw by g • c := µq−m(g) · c. Since the map
jq−m is equivariant with respect to this action on FSw, we conclude that the cover
V is qmOw⋊O×w -invariant. Hence, the q
mOw⋊O×w -action on Σ is simplicial. Since
µq−m(h)jq−m(g, x) = jq−m(hg, x)
for all g, h ∈ Ow ⋊O×w and x ∈ X
R
w , the map f is q
mOw ⋊O×w -equivariant.
Before proving the inequality
k · d1Σ
(
f(g, x), f(h, y)
)
≤ dΨR,S,k,Λ
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ Ow ⋊O×w ×X
R
w , we will show the following statements:
(1) For every (g, x) ∈ Ow⋊O×w×X
R
w there exists U ∈ U such that κq−m,0(h, y) ∈
Φ−1T (U) for all (h, y) with dΨR,S,k,Λ((g, x), (h, y)) ≤ n.
(2) For all h ∈ prOw⋊O×w (K
′) and x ∈ K ′′ we have µq−m(h)x = hx.
(3) For every (g, x) ∈ Ow ⋊O×w ×X
R
w the n-ball around (g, x) with respect to
the metric dΨR,S,k,Λ lies in some V ∈ V .
Proof of (1): Let (g, x) ∈ Ow ⋊ O×w × X
R
w . For z := −(1 − q
−m) · j(g1g
−1
2 ) ∈
Q(w)R there exists U
′ ∈ U such that κq−m,z(h
′, y) ∈ Φ−1T (U
′) for all (h′, y) with
dΨR,S,k,Λ((e, x), (h
′, y)) ≤ n. Let (h, y) ∈ Ow⋊O×w×X
R
w with dΨR,S,k,Λ((g, x), (h, y)) ≤
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n. Then h′ := g−1h satisfies dΨR,S,k,Λ((e, x), (h
′, y)) ≤ n and hence κq−m,z(h
′, y) ∈
Φ−1T (U
′). We set U := gU ′ ∈ U and conclude
κq−m,0(h, y) = gκq−m,z(h
′, y) ∈ gΦ−1T (U
′) = Φ−1T (U).
Proof of (2): Let h ∈ prOw⋊O×w (K
′), x ∈ K ′′. Then
vp(q
m − 1) ≥ vp(q
M − 1) ≥ max{zp, 0} − vp(h1) + vp(h2)
for all p ∈Mw. Hence, (q−m − 1)h1h
−1
2 ∈ a. This implies
h−1µq−m(h)x = ((q
−m − 1)h1h
−1
2 , 1)x = x
and hence µq−m(h)x = hx.
Proof of (3): Let (g, x) ∈ Ow ⋊ O×w × X
R
w . We choose b ∈ Ow such that
vp(g1 − bqm) ≥ max{zp, 0} + vp(g2) − vp(q−m − 1) for all p ∈ Mw. Then g′ :=
((g1 − bqm)g
−1
2 , 1) satisfies µq−m(g
′)p = g′p for all p ∈ K ′′ because g′−1µq−m(g
′) =
((q−m − 1)(g1 − bqm)g
−1
2 , 1) and vp((q
−m − 1)(g1 − bqm)g
−1
2 ) ≥ max{zp, 0} for all
p ∈Mw .
There exists an open set U ∈ U such that κq−m,0(h
′, y) ∈ Φ−1T (U) for all
(h′, y) with dΨR,S,k,Λ((g
′, x), (h′, y)) ≤ n. Since g′−1h′ ∈ prOw⋊O×w (K
′), we have
µq−m(g
′−1h′)x0 = g
′−1h′x0 and µq−m(g
′−1h′)y = g−1hy. Hence,
µq−m(h
′)x0 = µq−m(g
′)µq−m(g
′−1h′)x0 = µq−m(g
′)g′
−1
h′x0 = g
′g′
−1
h′x0 = h
′x0.
Analogously, we conclude µq−m(h
′)y = h′y. This shows that jq−m(h
′, y) = κq−m,0(h
′, y)
for all (h′, y) with dΨR,S,k,Λ((g
′, x), (h′, y)) ≤ n. Hence, jq−m(h
′, y) ∈ Φ−1T (U) for
all (h′, y) with dΨR,S,k,Λ((g
′, x), (h′, y)) ≤ n. Therefore,
jq−m((bq
m, g2)h
′, y) = (b, g2)jq−m (h
′, y) ∈ Φ−1T ((b, g2)U)
for all (h′, y) with dΨR,S,k,Λ((g
′, x), (h′, y)) ≤ n. Since (bqm, g2)g′ = g, we have
jq−m(h, y) ∈ Φ
−1
T ((b, g2)U) and hence (h, y) ∈ (ΦT ◦ jq−m)
−1((b, g2)U) for all (h, y)
with dΨR,S,k,Λ((g, x), (h, y)) ≤ n. This finishes the proof of statement (3).
It remains to prove the inequality
k · d1Σ
(
f(g, x), f(h, y)
)
≤ dΨR,S,k,Λ
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ Ow ⋊ O×w ×X
R
w . Recall that f(g, x) =
∑
V ∈V
aV (g,x)
s(g,x) V with
aV (g, x) := inf{dΨR,S,k,Λ((g, x), (h, y)) | (h, y) /∈ V } and s(g, x) :=
∑
V aV (g, x).
The statement (3) implies that s(g, x) ≥ n. Note that |aV (g, x) − aV (h, y)| ≤
dΨR,S,k,Λ((g, x), (h, y)) and hence
∑
V ∈V
|aV (g, x)− aV (h, y)| ≤ 2N · dΨR,S,k,Λ
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ Ow ⋊O×w ×X
R
w .
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We calculate
d1Σ(f(g, x), f(h, y)) =
∑
V ∈V
∣∣∣aV (g, x)
s(g, x)
−
aV (h, y)
s(h, y)
∣∣∣
=
∑
V ∈V
∣∣∣aV (g, x)− aV (h, y)
s(g, x)
+
aV (h, y) ·
(
s(h, y)− s(g, x)
)
s(g, x) · s(h, y)
∣∣∣
≤
∑
V ∈V |aV (g, x)− aV (h, y)|
s(g, x)
+
∣∣s(h, y)− s(g, x)∣∣
s(g, x)
≤ 2 ·
∑
V ∈V |aV (g, x)− aV (h, y)|
s(g, x)
≤ 4N ·
dΨR,S,k,Λ
(
(g, x), (h, y)
)
s(g, x)
≤
dΨR,S,k,Λ
(
(g, x), (h, y)
)
k
.

5.6. Hyper-elementary subgroups. In this subsection we study hyper-elementary
subgroups of finite quotients of Ow ⋊·w Z.
Definition 5.27 (tw(q, s), tw(q, s)). Let q ∈ N be a prime number and let q /∈Mw
be a prime ideal in O which contains q. Let s be a natural number. We define
tw(q, s), tw(q, s) ∈ N0 by
tw(q, s)Z =
{
z ∈ Z
∣∣wz ≡ 1 mod qsOw},
tw(q, s)Z =
{
z ∈ Z
∣∣wz ≡ 1 mod qsOw}.
Remark 5.28. Let qO = qv11 · · · q
vr
r be the prime ideal factorization in O. Then
tw(q, s) is the least common multiple of the numbers tw(qi, svi) (i = 1, . . . , r).
Lemma 5.29. Let q ∈ N be a prime number and let q /∈Mw be a prime ideal in O
which contains q.
(1) The ring Ow/qOw is a finite field of characteristic q.
(2) tw(q, 1) and q are coprime. In particular, tw(q, 1) 6= 0.
(3) For every s ∈ N we have tw(q, s+1) = q · tw(q, s) or tw(q, s+1) = tw(q, s).
(4) The normal subgroup Ow/qsOw ⋊·w tw(q, 1)Z/tw(q, s)Z < Ow/qsOw ⋊·w
Z/tw(q, s)Z is a q-Sylow subgroup.
(5) Let (a, b) ∈ Ow/qsOw ⋊·w Z/tw(q, s)Z such that b /∈ tw(q, 1)Z/tw(q, s)Z.
Then (a, b) is conjugated to (0, b).
Proof. (1) The ring O/q is a field because the ideal q ⊂ O is maximal (see
[Neu99, Theorem 3.1 on page 17]). By [Neu99, Proposition 2.12 on page 15]
the index (O : q) is finite. Obviously, the characteristic of O/q is q.
The inclusion O ⊂ Ow induces a homomorphism O/q → Ow/qOw. We
will show that this homomorphism is bijective. Injectivity follows from
q /∈ Mw. It remains to prove surjectivity. Every element in Ow is of the
shape a/b with a, b ∈ O and vp(b) = 0 for all prime ideals p /∈ Mw. Since
the index (O : q) is finite, there exist m > n with bm ≡ bn mod q. Since
vq(b) = 0, we obtain b
m−n ≡ 1 mod q. This shows that b is invertible in
O/q.
(2) The map
Z/tw(q, 1)Z→ (Ow/qOw)
×, [z] 7→ [wz ]
is injective. Since Ow/qOw is a finite field of characteristic q, the prime
number q does not divide the order of (Ow/qOw)×. Since Z/tw(q, 1)Z is
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isomorphic to a subgroup of (Ow/qOw)×, q does not divide the order of
Z/tw(q, 1)Z.
(3) Note that tw(q, s + 1) is a multiple of tw(q, s). It remains to show that
tw(q, s+ 1) divides q · tw(q, s). We calculate
wq·tw(q,s) − 1 = (wtw(q,s) − 1)
q−1∑
k=0
wk·tw(q,s),
where
q−1∑
k=0
wk·tw(q,s) ≡
q−1∑
k=0
1 ≡ q ≡ 0 mod qOw.
This shows
wq·tw(q,s) − 1 ≡ 0 mod qs+1Ow.
Hence, q · tw(q, s) is a multiple of tw(q, s+ 1).
(4) The group Ow/qsOw ⋊ tw(q, 1)Z/tw(q, s)Z is a q-group because Ow/qsOw
and tw(q, 1)Z/tw(q, s)Z are q-groups (see (3)). The short exact sequence
1→ Ow/q
sOw⋊tw(q, 1)Z/tw(q, s)Z→ Ow/q
sOw⋊Z/tw(q, s)Z→ Z/tw(q, 1)Z→ 1
implies that Ow/qsOw⋊ tw(q, 1)Z/tw(q, s)Z is a q-Sylow subgroup because
tw(q, 1) and q are coprime (see (2)).
(5) We have wb 6≡ 1 mod qOw because b /∈ tw(q, 1)Z/tw(q, s)Z. Since Ow/qOw
is a field (see (1)), there exists z ∈ Ow such that (wb − 1)z ≡ 1 mod qOw.
This implies (
(wb − 1)z
)qs−1
≡ 1 mod qsOw.
Hence, wb− 1 is a unit in Ow/qsOw. We set x := (wb− 1)−1a ∈ Ow/qsOw.
Then (x, 0)(a, b)(x, 0)−1 = (x(1 − wb) + a, b) = (0, b).

Analogously to [FW14, Theorem 4.5] we have
Proposition 5.30. Let q ∈ N be a prime number and let q /∈ Mw be a prime
ideal in O which contains q. Let s be a natural number. Every hyper-elementary
subgroup of H < Ow/qsOw ⋊·w Z/tw(q, s)Z is
• a subgroup of Ow/qsOw ⋊ tw(q, 1)Z/tw(q, s)Z or
• a subgroup of Ow/q
sOw ⋊
tw(q,s)
tw(q,1)
Z/tw(q, s)Z or
• conjugated to a subgroup of {0}⋊ Z/tw(q, s)Z.
Proof. Let 1→ C → H → P → 1 be a short exact sequence of groups, where C is
a cyclic group of order n and P is a p-group for some prime number p which does
not divide n.
We first consider the case that C is the trivial group. Then H is a p-group. If
p = q then H is a subgroup of Ow/qsOw ⋊ tw(q, 1)Z/tw(q, s)Z by Sylow’s theorem
and Lemma 5.29 (4). If p 6= q then H is a subgroup ofOw/qsOw⋊
tw(q,s)
tw(q,1)
Z/tw(q, s)Z
because tw(q,s)tw(q,1) is a power of q by Lemma 5.29 (3).
From now on we assume that the cyclic group C is non-trivial. Let (a, b) ∈
Ow/qsOw ⋊·w Z/tw(q, s)Z be a generator of C.
Let us consider the case a = 0. Suppose that there exists (x, y) ∈ H with
x 6= 0. We calculate (x, y)(0, b)(x, y)−1 = (x(1 − wb), b). Since C is normal in H ,
we conclude x(1 − wb) = 0. This shows that C lies in the center of H and that
wb ≡ 1 mod qOw. We conclude (a, b) ∈ {0} ⋊ tw(q, 1)Z/tw(q, s)Z which implies
by Lemma 5.29 (3) that C is a q-group. Hence p 6= q. Let Hp be a p-Sylow
subgroup of H . We have H = C × Hp because C lies in the center of H . Since
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the index [Ow/q
sOw ⋊ Z/tw(q, s)Z : {0} ⋊
tw(q,s)
tw(q,1)
Z/tw(q, s)Z] is a power of q (see
Lemma 5.29 (4)), every p-Sylow subgroup of {0}⋊ tw(q,s)tw(q,1)Z/tw(q, s)Z is a p-Sylow
subgroup of Ow/q
sOw ⋊ Z/tw(q, s)Z. By Sylow’s theorem Hp is conjugated to a
subgroup of {0}⋊ tw(q,s)tw(q,1)Z/tw(q, s)Z. In particular, Hp is a cyclic group. Since C
andHp are cyclic groups with coprime orders, H = C×Hp is cyclic. Let (a′, b′) ∈ H
be a generator. If b′ /∈ tw(q, 1)Z/tw(q, s)Z then H is conjugated to a subgroup of
{0}⋊ Z/tw(q, s)Z (see Lemma 5.29 (5)).
Next we consider the case b = 0. Then C is a subgroup of Ow/qsOw ⋊ {0} and
hence a q-group. Since P is a p-group with p 6= q, H is a subgroup of Ow/qsOw ⋊
tw(q,s)
tw(q,1)
Z/tw(q, s)Z.
Now suppose that both a and b are not zero. If b /∈ tw(q, 1)Z/tw(q, s)Z then
(a, b) can be conjugated to (0, b) (see Lemma 5.29 (5)), which can be included
in the case a = 0. Here, we used the fact that Ow/qsOw ⋊ tw(q, 1)Z/tw(q, s)Z
and Ow/qsOw ⋊
tw(q,s)
tw(q,1)
Z/tw(q, s)Z are invariant under conjugation (i.e., normal
subgroups of Ow/qsOw ⋊ Z/tw(q, s)Z). If b ∈ tw(q, 1)Z/tw(q, s)Z then C is a q-
group (see Lemma 5.29 (4)). We conclude p 6= q. Let Hp be a p-Sylow subgroup
of H . By Sylow’s theorem we can and will conjugate H such that Hp becomes a
subgroup of {0}⋊ tw(q,s)tw(q,1)Z/tw(q, s)Z. In particular, Hp is a cyclic group. Let (0, y)
be a generator of Hp. Since C is normal in H , we have
(wya, b) = (0, y)(a, b)(0, y)−1 = (a, b)n = (a
n∑
k=0
wkb, nb)
for some n ∈ N. If a 6= 0 then wy ≡
∑n
k=0 w
kb ≡ n mod qOw. Since C is a q-group
and b 6= 0, nb = b implies that n−1 is a multiple of q. Hence, wy ≡ 1 mod qOw and
(0, y) ∈ {0}⋊tw(q, 1)Z/tw(q, s)Z. SinceHp is a subgroup of {0}⋊
tw(q,s)
tw(q,1)
Z/tw(q, s)Z,
Hp is the trivial group. This implies H = C < Ow/qsOw⋊ tw(q, 1)Z/tw(q, s)Z. 
Corollary 5.31. Let q ∈ N be a prime number such that q /∈ p for all p ∈ Mw.
We consider the prime ideal factorization qO = qv11 · · · q
vr
r in O. Let s be a natural
number. Let H < Ow/qsOw ⋊·w Z/tw(q, s)Z be a hyper-elementary subgroup such
that the index [Z/tw(q, s)Z, π(H)] satisfies
[Z/tw(q, s)Z, π(H)] < min
{
tw(qi, 1), tw(qi, svi)/tw(qi, 1)
∣∣ i = 1, . . . , r},
where π : Ow/qsOw ⋊ Z/tw(q, s)Z → Z/tw(q, s)Z denotes the quotient map. Then
there exists (x, y) ∈ Ow/qsOw ⋊ (Ow/qsOw)× such that (x, y)H(x, y)−1 is a sub-
group of {0}⋊ Z/tw(q, s)Z.
(Note that Ow/q
sOw⋊Z/tw(q, s)Z is a normal subgroup of Ow/q
sOw⋊(Ow/q
sOw)
×,
where (Ow/qsOw)× acts on Ow/qsOw by multiplication.)
Proof. We set l := [Z/tw(q, s)Z, π(H)]. This implies π(H) = lZ/tw(q, s)Z. By the
Chinese Reminder Theorem we have
Ow/q
sOw ∼=
r⊕
i=1
Ow/q
svi
i Ow.
Let pri : Ow/q
sOw → Ow/q
svi
i Ow denote the projection. Note that pri maps [z] ∈
Z/tw(q, s)Z < (Ow/qsOw)× to [z] ∈ Z/tw(qi, svi)Z < (Ow/q
svi
i Ow)
×. We denote
by Hi the image of H under the projection pri ⋊ pri. Since l < tw(qi, 1), Hi is not
a subgroup of Ow/q
svi
i Ow ⋊ tw(qi, 1)Z/tw(qi, svi)Z. Since l <
tw(qi,svi)
tw(qi,1)
, Hi is not
a subgroup of Ow/q
svi
i Ow ⋊
tw(qi,svi)
tw(qi,1)
Z/tw(qi, svi)Z. Hence, by Proposition 5.30
there exists
(xi, yi) ∈ Ow/q
svi
i Ow ⋊ Z/tw(qi, svi)Z < Ow/q
svi
i Ow ⋊ (Ow/q
svi
i Ow)
×
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such that (xi, yi)Hi(xi, yi)
−1 is a subgroup of {0} ⋊ Z/tw(qi, svi)Z. Under the
isomorphism given by the Chinese Reminder Theorem the elements (xi, yi) (i =
1, . . . , r) correspond to an element (x, y) ∈ Ow/qsOw⋊ (Ow/qsOw)×. We conclude
that (x, y)H(x, y)−1 is a subgroup of {0}⋊ Z/tw(q, s)Z. 
5.7. The groups Gw satisfy FJCw. In this subsection we complete the proof
of Theorem 1.1. Because of Proposition 3.3 it suffices to show that the groups Gw
(w ∈ Q
×
) satisfy FJCw.
Lemma 5.32. Let w ∈ Q
×
such that wn = 1 for some n ∈ N. Then Gw satisfies
FJCw.
Proof. This follows from the fact that Z[w,w−1]×nZ is an abelian subgroup of finite
index (see Proposition 2.17 (Overgroups of finite index) and Example 2.18). 
Now suppose that wn 6= 1 for all n ∈ N. We will prove that the group Gw
is a FHJ group with respect to F := {H < Gw | H satisfies FJCw}. Then by
Corollary 4.6 the group Gw satisfies FJCw.
Proposition 5.33. Let w ∈ Q
×
such that wn 6= 1 for all n ∈ N. Then the group
Gw is a FHJ group with respect to F := {H < Gw | H satisfies FJCw}.
Proof. Let N ∈ N be the natural number appearing in Proposition 5.26. Let
S ⊆ Gw be a finite symmetric subset which generates Gw and contains the trivial
element. We set m2 := max{|g2| | g = (g1, g2) ∈ Sn ⊆ Ow⋊Z}. Let S′ ⊆ Ow⋊O×w
be a finite symmetric subset which generates Ow ⋊ O×w and contains S. We fix a
natural number n.
We choose a (large) prime number q ∈ N such that
• q /∈ p for all p ∈Mw,
• q lies in none of the prime ideals which appear in the prime factorization
of the fractional ideal (wm − 1)O with 1 ≤ m ≤ 2 · n ·m2.
Note that such a prime number exists, since there are infinitely many prime numbers
and every prime ideal contains at most one prime number. Let qO = qv11 · · · q
vr
r be
the prime ideal factorization. The second assumption implies 2 · n ·m2 < tw(qi, 1)
for all 1 ≤ i ≤ r.
By Proposition 5.26 there exist R,Λ > 0, M ∈ N, and for every positive multiple
m of M
• a simplicial complex Σ of dimension at most N with a simplicial qmOw ⋊
O×w -action whose stabilizers are virtually cyclic and
• a qmOw ⋊O×w -equivariant map f : Ow ⋊O
×
w ×X
R
w → Σ
such that
n · d1Σ
(
f(g, x), f(h, y)
)
≤ dΨR,S′n,n,Λ
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ Ow ⋊O
×
w ×X
R
w .
We choose a (large) natural numberm satisfying q−m ≤ B and wz−1 /∈ qimviOw
for z = 1, . . . , 2 · n ·m2 · tw(qi, 1) and i = 1, . . . , r. This implies
2 · n ·m2 <
tw(qi,mvi)
tw(qi, 1)
for i = 1, . . . , r. We define
Fn := Ow/q
mOw ⋊ Z/tw(q,m)Z
and denote the composition of the inclusion Gw →֒ Ow ⋊ Z and the quotient map
Ow ⋊ Z→ Fn by αn.
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Let H < Fn be a hyper-elementary subgroup. Since
2 · n ·m2 < min
{
tw(qi, 1),
tw(qi,mvi)
tw(qi, 1)
∣∣ i = 1, . . . , r},
Corollary 5.31 implies that
(1) there exists (x′, y′) ∈ Ow/q
mOw⋊(Ow/q
mOw)
× such that (x′, y′)H(x′, y′)−1
is a subgroup of {0}⋊ Z/tw(q,m)Z or
(2) 2 · n ·m2 < [Z/tw(q,m)Z, π(H)], where
π : Ow/q
mOw ⋊ Z/tw(q,m)Z→ Z/tw(q,m)Z
is the quotient map.
We first consider the case (1). We choose elements x ∈ Ow respectively y ∈ O×w
which represent x′ respectively y′. As mentioned above, we have
• a simplicial complex Σ of dimension at most N with a simplicial qmOw ⋊
O×w -action whose stabilizers are virtually cyclic and
• a qmOw ⋊O×w -equivariant map f : Ow ⋊O
×
w ×X
R
w → Σ
such that
n · d1Σ
(
f(g, x), f(h, y)
)
≤ dΨR,S′n,n,Λ
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ Ow ⋊O×w ×X
R
w . Note that
dΨR,S′n,n,Λ
(
(g, x), (h, y)
)
≤ dΨR,Sn,n,Λ
(
(g, x), (h, y)
)
for all (g, x), (h, y) ∈ Gw × XRw . We set Xn,H := X
R
w , Ψn,H := Ψ
R, Λn,H := Λ.
We define En,H := Σ, where the action of α
−1
n (H) on Σ is given by h • s :=
((x′, y′)−1h(x′, y′))s, and fn,H : Gw ×X
R
w → Σ by fn,H(g, x) := f((x, y)
−1g, x).
It remains to consider the case (2): 2 · n · m2 < [Z/tw(q,m)Z, π(H)]. We set
l := [Z/tw(q,m)Z, π(H)]. Let Xn,H := pt be the space consisting of one point.
Then dΨn,H ,Sn,n,Λn,H ((g, pt), (h, pt)) = lS2n(h
−1g), where lS2n is the word length
function with respect to the symmetric generating subset S2n ⊆ Gw. We define the
simplicial complex En,H to be the real line R (dimension 1) with the elements l ·Z
as vertices. There is an Gw-action on En,H given by (x, y)r := r + y ((x, y) ∈ Gw,
r ∈ En,H). The stabilizers are the abelian group Z[w,w−1] and hence belong to F .
The restriction of this action to an α−1n (H)-action is simplicial. We define
fn,H : Gw → En,H , (x, y) 7→ y.
This map is Gw-equivariant. We have to show
n · d1En,H
(
fn,H(g), fn,H(h)
)
≤ lS2n(h
−1g)
for all g = (g1, g2), h = (h1, h2) ∈ Gw with h−1g ∈ Sn. If g 6= h then
d1En,H (fn,H(g), fn,H(h)) ≤
2
l
· dR(fn,H(g), fn,H(h)) =
2
l
· |g2 − h2| =
=
2
l
· |(h−1g)2| ≤
2
l
·m2 <
1
n
≤
1
n
· lS2n(h
−1g).
This finishes the proof of Proposition 5.33. 
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List of notation
FS(Xw) flow space for Xw, see Definition 5.18 on page 29
FSw := FS(Xw)×Q(w)R, see Definition 5.18 on page 29
Gw := Z[w,w
−1]⋊·w Z, see Definition 3.2 on page 9
Mw := {p ⊂ O prime ideal | vp(w) 6= 0}, see subsection 5.1 on
page 22
µβ , ι, jβ , κβ,z see Definition 5.23 on page 32
nw rank of O×, see Definition 5.4 on page 23
O ring of integers in Q(w), see subsection 5.1 on page 22
Ow := {x ∈ Q(w) | vp(x) ≥ 0 for all p /∈ Mw}, see subsection 5.1
on page 22
ΨR strong homotopy action on XRw , see Definition 5.22 on page 31
Q(w)R Minkowski space, see subsection 5.3 on page 25
tw(q, s), tw(q, s) see Definition 5.27 on page 36
T (vp) tree associated to vp, see subsection 5.2 on page 23
vp valuation with respect to the prime ideal p, see subsection 5.1
on page 22
Xw := R
nw ×
∏
p∈Mw
T (vp), see subsection 5.4 on page 26
XRw closed ball of radius R in Xw, see Definition 5.22 on page 31
Yw := Xw × Q(w)R with modified metric, see Definition 5.11 on
page 26
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